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Abstract 

A matrix is said to be cycUc if its characteristic polynomial is equal to 
its minimal polynomial. Cyclic matrices play an important role in some 
algorithms for matrix group computation, such as the Cyclic Meataxe 
developed by P. M. Neumann and C. E. Praeger in 1999. In that year also, 
G. E. Wall and J. E. Fulman independently found the limiting proportion 
of cyclic matrices in general linear groups over a finite field of fixed order q 
as the dimension n approaches infinity, namely (1 — q~^) 11^^3(1 ~ 9 ~ 
1 — q^'^ + 0{q~'^). We study cyclic matrices in a maximal reducible matrix 
group or algebra, that is, in the largest subgroup or subalgebra that leaves 
invariant some proper nontrivial subspace. We modify Wall's generating 
function approach to determine the limiting proportions of cyclic matrices 
in maximal reducible matrix groups and algebras over a field of order q, 
as the dimension of the underlying vector space increases while that of the 
invariant subspace remains fixed. The limiting proportion in a maximal 
reducible group is proved to be 1 — q~^ + 0{q~'^)\ note the change of the 
exponent of q in the second term of the expansion. Moreover, we exhibit 
in each maximal reducible matrix group a family of noncyclic matrices 
whose proportion is q~^ + 0{q^'^). 
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1 Introduction 

This paper studies reducible matrix groups and matrix algebras over a finite 
field, say Fg of order q, that is, some proper non-trivial subspace of the underly- 
ing vector space is fixed setwise by all the elements. If no such subspace exists 
the group or algebra is said to be irreducible. The first algorithm developed to 
test the irreducibility of a matrix algebra was the Parker Meataxe based on 
the Norton Irreducibility Test described in [21]. Given generators for a matrix 
group or algebra the Parker Meataxe sought matrices of a special type by means 
of which it either proved irreducibility or constructed a non-trivial proper in- 
variant subspace. The (non-zero) probability of failing to find suitable elements 
was not estimated. 

The first analysis of a modified version of Parker's Meataxe was due to 
Holt and Rees JL2j in 1994, and an alternative modification of the irreducibility 
test using cyclic matrices was developed by Neumann and Praeger in [19] . Their 
Cyclic Irreducibility Test is a Las Vegas algorithm that verifies irreducibility of 
an irreducible matrix algebra by producing a cyclic matrix and a corresponding 
cyclic basis. Bounds on the error probability rely on estimates for the proportion 
of cyclic matrices in finite irreducible matrix algebras. Namely, in |17| they 
proved that the proportion of cyclic matrices in a full matrix algebra over is 
1 — q^^ + 0((7~^) and obtained also, explicit lower bounds for this proportion 
in arbitrary irreducible matrix algebras, in |171 Theorem 5.5]. A motivation for 
the work presented in this paper was the problem of extending the scope of the 
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Cyclic Meataxe to constructing an invariant subspace in the case of 'large' 
reducible matrix groups and algebras. Using the results of this paper such an 
extension of the Cyclic Meataxe was developed and presented in ^ Chap 7] . 

A matrix is called cyclic if its characteristic polynomial equals its minimal 
polynomial. G.E. Wall and Jason Fulman [B] independently calculated 
generating functions for the proportion of cyclic matrices in general linear groups 
and full matrix algebras, and determined exactly the limiting proportions as the 
dimension tends to infinity, namely for finite general linear groups GL(n, q) (see 
[m Equation 6.24] or [SJ Theorem 8]) the limit as n tends to infinity is 

i-ll = l-q-^ + Oiq-') (1) 

while for finite matrix algebras M{n, q) (see [HI Equation 6.23] and [51 Theorem 
6]), the limit as n tends to infinity is 

oo 

(1 - [](1 - q-^) = l-q--' + 0{q-^). (2) 

i=3 

The leading q term, q~^ in this case, is of significance as for large q this term 
dominates the later terms. Generalising these results, proportions of cyclic 
matrices have been computed for finite classical groups using both geometric 
methods [18] and generating function methods [2 [3l IH |8] . 

Some matrix algebras contain no cyclic matrices, for example, the algebra 
of n X n scalar matrices for any n > 2, while others contain a large propor- 
tion. One of the few results in the literature on proportions of cyclic matrices 
in reducible matrix groups and algebras is due to Jason Fulman [T. Using cy- 
cle index methods he obtains the limiting proportion of cyclic matrices in the 
largest parabolic subgroup of a general linear group, namely the stabiliser of a 
1-dimensional subspace. We reprove his result by a different method, and ex- 
tend it for all subspace stabilisers in general linear groups and matrix algebras, 
yielding Theorem 1 the main result of this paper. 

Theorem 1.1. Let r,n G Z+ with r < n, let q be a prime power and let 
CGL,r("') cind CM,r("') denote the proportions of cyclic matrices in the stabiliser 
in Gh{n,q) andM(n,q), respectively, of an r-dimensional subspace o/F^. Then 

CGL,r(oo) := lim CGL,r{n) = 1 - q^^ + 0{q^^) 

and 

CM,r(oo) := lim CM,r{n) = 1 — q^'^ + 0{q^^). 

Moreover, for any d such that I < d < q{q — 1), we have that |cGL,r(f^) — 
CGL,r(oo)| = 0(d^") and \cM,r{n) - CM,r(oo)| = 0(d^"). 

The assertions about the limit and rate of convergence of the quantities 
CGL,r("-) are proved in Theorems 14.141 and 14.221 in Section l4?2l while the asser- 
tions for CM,r{n) are proved in Theorems 14.301 and 14.341 in Section 
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Our approach is similar to that of Wah [21] in that we study the generat- 
ing function for the proportions CGL,r('^) in order to calculate their limit as n 
approaches infinity. However, instead of producing an explicit expression for 
the generating function as an infinite product, we speciiy a finite series of steps 
involving partial differentiation and evaluation that produces the result. The 
number of steps is linear in r, and so for large (but fixed) r we do not write down 
an explicit form for the generating function. Nevertheless the information given 
is sufficient to determine the limiting proportion and rate of convergence as n 
tends to infinity. In Section [4.41 we demonstrate, for r = 1, 2 how the procedure 
can be applied to give an explicit form for the generating function - the case of 
r = 1 retrieving the result of Fulman [7] . 

Note that the exponent of the leading g-term —q^^ has increased by one 
over that for the general linear group case. Note also that this leading g-term 
is independent of the dimension r of the invariant subspace. Although this may 
suggest that the limiting proportion may be independent of the dimension of 
the invariant subspace, this is not the case. As we discuss in Remark |4.35[ it is 
only the coefficient of q~'^ that is independent of the dimension of the invariant 
subspace; the coefficient of q^^ changes for different values of r. 

To better understand Theorem II. 1[ we exhibit in Theorem l4.38[ a family of 
noncyclic matrices in maximal reducible matrix groups with proportion q^^ + 
0{q-'). 

Results about the limits and rates of convergence of the proportion of cyclic 
matrices inside maximal completely reducible subgroups of Glj{n,q) and max- 
imal completely reducible subalgebras of M{n,q) are found in [H Chapter 5], 
while similar results for separable matrices are found in [H Chapter 6]. 

2 Preliminary Results 

In this section we prove some preliminary results. Throughout this paper ¥q 
denotes a field of order q, and V = ¥^ denotes the vector space of n-dimensional 
row vectors. The algebra of all n x rt matrices over is denoted M{n, q), and 
the general linear group of all nonsingular n x n matrices over by Gh{n,q). 
We sometimes write M{V) = M{n,q) or GL{V) = GL{n,q). Each A G M{n,q) 
acts naturally on V and for w {w)a denotes the cyclic A-module generated 
by w, that is, {w)a — {w, wA, wA"^, . . . , wA^). In particular if (w) = V then w 
is called a cyclic vector for A and [w, A) is called a cyclic pair on V. It is well 
known that A is cyclic if and only if it has a cyclic vector. If W is an A-invariant 
subspace of V then A induces a matrix A\w in M(W^) and a matrix A\y/w in 
M(V/W). In particular the nullspace null(j4) is an A- invariant subspace. 

We denote the characteristic and minimal polynomial of A on by CA{t) 
and mA{t) respectively. 
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2.1 Cyclic Matrices on Subspaces 



Lemma 2.1. Let X £ M{n,q). Then X, X'^ and all conjugates of X have the 
same characteristic polynomial and the same minimal polynomial. In particular, 
they are either all non-cyclic or all cyclic. 

Proof. This is well known, see for example |5i Theorem 7.2 and Exercise 2 
on pl49] for the characteristic polynomial and [SJ Exercise 4 on pl50] for the 
minimal polynomial of similar, this is, conjugate matrices. The assertion for the 
transpose holds since for any polynomial f{t), we have f{X)'^ — f{X^). □ 

Lemma 2.2. Let A he a cyclic matrix on V ~ ¥^ with minimal polynomial 
mA{t) = f{t)9{i) for monic polynomials f{t) and g{t), and let w £ V he a 
cyclic vector for A. IfW — {wf(A))A then 

(1) the minimal polynomial of A\w is g(t); 

(2) W has dimension n — deg(/) = deg(g); 

(3) W ^iiull{g{A)). 

Proof. (1) Since {wf{A))g{A) = 0, the minimal polynomial h{t) of A\w divides 
g(t.). Suppose that deg(/i) < deg(g). Then wf{A)A'h{A) = for all i, and 
this implies that vf{A)h{A) — for all v e {w)a — V. However f{t)h{t) is a 
polynomial of degree strictly less than deg(mA), and we have a contradiction. 
Hence deg(/i) > deg{g), and since h{t) divides g{t) it follows that h{t) = g{t). 

(2) Since the minimal polynomial of A\w has degree n — deg(/) and the 
space W is cyclic as an A-module, it follows that W has dimension n — deg(/). 

(3) Let u e {wf{A))A- There exists a positive integer k such that the 
vectors wf{A),wf{A)A,...,wf{A)A^ form a basis for {wf{A))A and so u = 
Xowf{A) + XiwAf{A) + ■■■ + XkwA''f{A) for some Aq, . . . , G F,. Then 
ug{A) = Xowf{A)g{A) + • ■ • + Xkwf{A)A^g{A) and this equals since every 
term is a multiple of wg{A)f{A) — wmA{A) = 0. Hence u £ mi\\{g{A)) and 
{wf{A))A ^ nn\\{g{A)). In particular dim(null(5(A))) > n — deg(/) — deg{g). 

Let us now look at the rank of g{A) = J2i=o ^^^^ where g{t) = J2i=o 
and d is the degree of g. Note in the following that = 1 since g{t) is monic. 




i=0 



d-1 



wAg{A) = wA'^+'^ + ^ OiwA' 



d-1 



wA'^^'^+^giA) = wA"-! + 



2 + 71 — CZ— 1 
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Now since wA''', wA"^^^, . . . , wA'^~^ are linearly independent, it follows from the 
equations above that wg{A),wAg{A), . . . ,wA^~'^~^g{A) are linearly indepen- 
dent. So Tank{g{A)) > n — d which means that dim{im\l{g{A))) < d. By the 
previous paragraph equality holds and hence {wf{A))A = null((7(A)). □ 

Lemma 2.3. Let {w,A) be a cyclic pair onV ^ ¥q, let U be an A-invariant r- 
dimensional subspace ofV and let c(t) be the characteristic polynomial of A\v/u ■ 
Then c{t) divides CAit), 

(1) U + w is a cyclic vector for A\v/u j 

(2) wclA) is a cyclic vector for A\ij ■ 

Proof. That c{t) divides CA{t) is well known. By assumption {'w)a = V, and 
hence {U + w)AWfu = ^/U, proving (1). 

By definition, c{A\y/u) is the zero matrix of V/U , that is to say c{t) is monic 
and c{A)\y/u = 0. Thus wc{A) £ U. Since deg(c) = 6iui{V/U) — n — r,we have 
c{t) = t"-*- + T,i=r^ a^t^ and wc{A) = wA""'' + Y."=o'^ a,wA\ Since {w,A) 
is a cyclic pair, the vectors wA, . . . , wA"'~^ are linearly independent. Thus 
arguing as in the previous proof we see that the vectors wc{A), . . . , wc{A)A'^~^ 
are also linearly independent, and each lies in U since U is A-invariant. They 
therefore form a basis for U since dim(C/) = r. Hence {wc{A))a = U and (2) is 
proved. □ 

The next lemma describes all the invariant subspaces of a cyclic matrix 
whose characteristic polynomial has only one irreducible factor. 

Lemma 2.4. Let {w, A) be a cyclic pair on V — . Then the only A-invariant 
subspaces U of V are U = {wf{A))A for some monic polynomial f{t) dividing 
mA{t) and the minimal polynomial of A\u on U is g{t) where mA{t) = f{t)g(t). 
Moreover, there is a one-to-one correspondence between A-invariant subspaces 
of V and monic divisors of wla (t) . 

Proof. Let U be an A-invariant subspace of V. By Lemma 12. 3[ U -\- w is a 
cyclic vector for A\y/(j, and wf{A) is a cyclic vector for A\ij, where f{t) = 
= 'Ti^lv/[/(*) and f{t) divides mA{t), say mA{t) = f{t)g{t). Thus 
{wf{A))A = U and dim(C/) ^ n - deg(/) = deg(5). If also U = {wf'{A))A 
where mA{t) = f'{t)g'{t), then by Lemma[21](3), U = nuU(g(A)) = mil\{g'{A)) 
and deg{g) = deg{g'). This implies that wf{A)g'{A) = whence m^(i) divides 
f{t)g'{t), or equivalently g{t) divides g'{t). Thus g{t) — g'{t) and hence for 
distinct divisors f{t),f'{t) of mA{t) the submodules {wf{A))A and {wf'{A))A 
are distinct. Also g{t) = mA\^{t). □ 

2.2 Decomposition 

For X € M(n, g), a cyclic decomposition of V ~ ¥^ under X is a direct sum 
V = (Bi^iVi where each Vi is X-cyclic and X-invariant, the minimal polynomial 
of X\vi divides the minimal polynomial of X\vi_-i for 1 < i < £, and the minimal 
polynomial of X\vi is the minimal polynomial of X (see [TOj Lemma 11.7]). If 
X is cyclic, the cyclic decomposition of V under X is simply V = Vi. 
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Let A G M{n,q) be cyclic with minimal polynomial inA{t) — ni=i/j"'(0 
where the fi are distinct monic irreducible polynomials and each at > 0. The 
primary decomposition of V under A is V = ©f^iVi where for each i we have 
Vi — {'wgi{A))A for gi{t) — tSI^. With respect to an appropriate basis, A can 
be decomposed into blocks or components as below: 



/A, 



\ 



A. 



which we write as Ai 



•Au 



\ A, J 

where each Ai is cyclic on Vi with minimal polynomial (see [lOi Lemma 
11.8]). 

The proof of the following lemma is straight forward and is omitted. 



Lemma 2.5. Let A G M(n,g) be a cyclic matrix on V ^ F^' and let V ~ (BVi 
be its cyclic (respectively primary) decomposition, and let B e GIj{V). Then 

(a) The conjugate B~^AB has cyclic (respectively primary) decomposition 
V = (S{V,B). 

(b) If Ui is an A-invariant subspace of Vi then UiB is a B^^ AB -invariant 
subspace ofViB of the same dimension and m^^^ (t) is the minimal polynomial 

of{B-^AB)\u,B- 

(c) Moreover, A and A' e M(n, q) are conjugate under an element ofGh{n, q) 
if and only if the sequences of minimal polynomials induced on the spaces in their 
cyclic decompositions are the same. 

Note that if ©f^^Vi is the cyclic decomposition for A e M(?i, q) and mA\v. (t) = 



SjLo o-ijt^ with aidi = 1, then A is conjugate to Ai 



As where for each 



Ai is conjugate under GL(l^) to the companion matrix 



/ 





V 







1 




-an 




1 



-0,12 






\ 







1 




■ • -Oi(d,- 


-1) / 



Corollary 2.6. Cyclic matrices X and Y in M(n,q) have the same minimal 
polynomial if and only if they are conjugate in GL(n,q). 

This corollary follows from the fact that the cyclic decomposition of a vector 
space under a cyclic matrix has just one component. It implies that there is ex- 
actly one GL(n, g)-conjugacy class of cyclic matrices with a given characteristic 
polynomial. 

Lemma 2.7. Let A G M{n, q) acting on V = ¥^ and suppose that V = (Bi<kVi 
where each Vi is A-invariant. Let Ci{t) and mi{t) be the characteristic and 
minimal polynomials respectively of A on Vi for i < k. Then A is cyclic if and 
only if each Ajy. is cyclic and gcd{ci,Cii) = 1 for all i ^ i' . 
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Proof. Suppose that each A\y. is cyclic and that gcd{ci,Ci') = 1 for all i ^ i' . 
Then rrii = Ci for all i so lcm(mi, . . . , mk) = lcm(ci, . . . , Ck) — /, say. Since 
gcd(ci , Ci' ) = 1 for all i ^ i' have that / = ci . . . Cfc = c and we know that 
lcm(mi, . . . , mfc) = m. Hence c = m and A is cyclic. 

Conversely suppose that A is cyclic. By Leninia [^751 each of the A\y. is cyclic. 
Suppose that gcd(ci,Ci') ^ 1 for some i ^ i' . Then f{t) := lcm(ci, . . . , Cfc) 
divides gcd\c-^e /) deg(/) < n and each divides Ci which, in turn, divides 
/. Each vector v G V can be written as v ^ vi + ■ ■ ■ + Vk for some Vi £ Vi for 

i < k. Then ?;/(^) = vif{A) H l-t'fc/(A) ~ since each divides /. Hence 

TO divides / which has degree less than n so to ^ c which is a contradiction with 
A being cyclic on V. Hence gcd(ci,Ci') = 1 for all i ^ i' . □ 

Lemma 2.8. Let A be a cyclic matrix on V with minimal polynomial Y[ f"' 
and let V = ©Vi be the primary decomposition of V under A. Let U be an 
A-invariant subspace of V . Then the primary decomposition for U under A\ij 
is ®Ui, where for each i, Ui = U OVi. 

Proof. Let v he a cyclic vector for A in V. Using the notation introduced 
at the beginning of Section [Z2l let CA{t) — fi"^{t)gi{t) for each i, so that by 
Lemma 12.41 Vi = {vi)a where Vi = vgi (A). Let CA\Jt) = n/f and let 
CA{t) — CA\u{t)g{t) and c^|^(t) = fi^{t)g'i{t) for each i, where fi does not 
divide g[. Note that gi{t) divides g^{t)g{t) for each i. 

Again by Lemma U = {u)a where u = vg{A) and Ui :— {ug^{A))A is A- 
invariant with ca\u. it) = f^'' (t). Thus U — ®f^iUi is the primary decomposition 
of U under A\ij, where Ui may be for some i. Also, since gi divides g'^g it 
follows that ugl{A) = vg{A)g'^{A) G {vg^{A)}A = V^, so C T^i n U. Then 
(Bj^iUj C (Bj^iVj and so is disjoint from Vi fl U. This implies that Ui — ViCiU 
for each i. □ 

We are working with matrices on V which fix a proper subspace of V so 
we need convenient notation for the group and the algebra of such matrices. 
For V = F^, denote Gh{V) := GL{n,q) and M{V) := M(n,g). For a subspace 
U < V, let GL{V)u be the subgroup of GL{V) which consists of all matrices 
that fix U setwise. Similarly let M(V)u be the set of all matrices in M{V) which 
leave the subspace U invariant. 

Lemma 2.9. Let A, A' be cyclic matrices in yi(V)u. Then A and A' are 
conjugate by an element of Gh{V)u if and only if both tua ~ tua' and rnA\fj = 
mA'lu- 

Proof. If A and A' are GL(T'^)[/-conjugate then also A\ij and A'\ij are GL(C/)- 
conjugate, and hence by Lemma [2Tl ca = ca' and ca\u = ca'\u- By Lemma [2731 
A\ij and A'\ij are cyclic also, and hence niA = ca = ca' = nriA' and similarly 

Conversely suppose that TO^(i) — mA'{t) and TO^|^(t) — mA'\^{t). Then by 
Corollarv l2.6l there exists X G GL(V^) such that X^^AX = A! . By assumption 
U is an A'-invariant subspace and the minimal polynomial of is rfiA' \ ^ = 
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mA\u- We also have that UX is yl'-invariant (since A' = X~^AX) and the 
minimal polynomial of A' on UX is mA\u- By Lemma |2.4[ it follows that 
U = UX since the minimal polynomial of A' on each space is the same. Hence 
X G Gh{V)u. □ 

This lemma characterises the set of conjugacy classes of cyclic matrices in 
M(y)t/ under the action of GL{V)u- There is one conjugacy class for each pair 
/, h where /i is a monic degree n polynomial, / is a monic degree r polynomial 
dividing h and r = dim(f/). For matrices in GIj{V)u, we in addition require / 
and h to have a nonzero constant term. 



2.3 Centralisers 

This section describes the centralisers of cyclic matrices in GIj{V)u- For A G 
M{V), let Cgl(v)(^) denote the centraliser of A in GL{V). 

Lemma 2.10. Let V — P^, U be a subspace ofV, and A G M{V)u be cyclic. 
ThenCGUV){A)<GhiV)u. 

Proof. Let B G Cqi^(y^(A), so B^^AB — A. Let w be a cyclic vector for A. 
By Lemma [2.41 U — {wf{A))A for some monic f{t) dividing mA{t) and the 
minimal polynomial of A on J7 is g{t) where mA{t) — f{t)g(t). The subspace 
UB is also invariant under B^^AB = A and, since Ug{A) — 0, UB is annihilated 
by B-^g{A)B = g{B-^ AB) = g{A). Hence UB C mi\\{g{A)) and by Lemma 
1^3). mi\\{g{A)) = {wf{A))A = U. Then since dim(C/B) ^ dim(C/) we have 
that UB = U. Hence B fixes C/ and S G Gh{V)u. □ 

A proof of the next lemma may be found in [17, Corollary 2.3 and Remark 
2.6]. 

Lemma 2.11. Let n = ij and suppose that p is an irreducible polynomial 
of degree i over ¥q, and A G M(n, q) is a cyclic matrix with characteristic 
polynomial Then \C'Q^n,q){A)\ — (/'-' (I — 9^*)- 

The statement of Lemma 12.111 is for an arbitrary irreducible degree i poly- 
nomial. Therefore the size of the centraliser of any matrix with characteristic 
polynomial the jth power of irreducible degree i polynomial, depends only on i 
and J, and we set 

Cent{i,j):=q'^{l-q-') (3) 

so that, by Lemma [2. 11) Cent{i,j) — |Cgl(V')(^)| for any cyclic matrix A with 
characteristic polynomial ph' for some monic degree i irreducible polynomial p. 
We will often write Cent{pP) in this instance also. 

Lemma 2.12. Let f and g be distinct monic irreducible polynomials and let 
a,bG'L+. Then Cent{f'')Cent{g^) = Centifg^). 
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Proof. Let A be a cyclic matrix over a vector space V with minimal polynomial 
f^g^. Then the primary decomposition of V under AisV — Vi®V2 where A| v\ 
is cyclic with minimal polynomial f"' and A\v2 is cyclic with minimal polynomial 

a'- 

By Lenima[2ini Cqi^(v){A) C Gh{V)v^r\Gh{V)v2 ^ GL{Vi) x GL(V2) and 

hence Cgl(\/)(^) = CGL{v^M\v^)^xCGL{V2M\v2)■ It follows that Cent(/V) = 
Cent{P)Cent{g''). □ 

An analogous proof gives the following general result. 

k 

Corollary 2.13. Let / = where the are pairwise distinct manic 

i=l 

irreducible polynomials of degree di . Then 

k k 

Centif) --Y[Cent{f^^) =Y[Cent{d,,a,). 



3 The work of Wall 

In this section we outline G.E. Wall's [52] generating function method for de- 
termining the limiting proportion of cyclic matrices in GLi{V) and M(V^). Our 
notation is based on that used in 122 . 



3.1 Cyclic Matrices in General Linear Groups 

Let 

OO 

CGL{t)^l + Y.CGL{n)t^ 
n=l 

be the generating function for the proportion of cyclic matrices in Gh{V) where 
for each n, V ~ and CQhiri) denotes the proportion of cyclic matrices in 
GL{V). 

Let rGL("-) be the set of all cyclic matrices in GL(V^). Then by Lemma \2A\ 
there is a one-to-one correspondence between the set of orbits of GL{V) in its 
action on FglI"-) by conjugation and the set of monic degree n polynomials 
h over Fg such that h{0) ^ 0. Denote the orbit on FglI"-) consisting of all 
matrices with minimal polynomial h hy Th- By the Orbit-Stabiliser Theorem 

_ |GL(F)| 
' Cent{h) 

where Cent{h) — |CGL(y)(^)l for a matrix A e F/j. To enable us to focus on 
irreducible polynomials of a given degree, we make the following definition. 
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Definition 3.1. Let be the set of all monic polynomials over with a 
nonzero constant term (including 1) and let be the subset oiV^ containing 
the constant polynomial 1 and those polynomials whose irreducible factors all 
have degree i. 

In light of this definition it follows that 

dcg[h)—n dcg{h)—n 

For each monic irreducible polynomial p of degree i, define the formal power 
series 

Using Q, the product of the over all monic irreducible polynomials p ex- 
cluding t is 

j-dcg(h) oo 

n^^=E c^ = l + E^-(nr-^o.W. (6) 

Definition 3.2. Let N{i,q) be the number of monic degree i irreducible poly- 
nomials over ¥q and let N^{i, q) be the number of polynomials in N{i, q) with 
nonzero constant term. 

Thus N+{i,q) = N{i,q) if i = 1 and N{l,q) = N+{l,q) + l^q. Note that 
FP{t) depends only on the degree and multiplicity of the irreducible factors of 
p. Let Fi(t) denote the following formal power series. 



deg{p)=i 



^ Cent{i,j) 




It follows that 



CoL{t) = llFP = llF,. (8) 

p^t 4=1 

The following lemma underpins the proof of Wall's convergence result in 
Theorem 13.41 and we will also use it in Section 21 

Lemma 3.3. Suppose that g{u) = X]n>o o.'^^d g{u) — f{u)/{l~u)for\u\ < 
1. If f{u) is analytic in a disc of radius R, where R > 1, then lim„^oo o-n = /(I) 
|a„ — /(I) I = 0{d^^^) for any d such that 1 < d < R. 
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Wall proved that Cchit) is convergent for \t\ < 1 and that (1 — t)CGi,{t) 
is convergent for \t\ < . Hence by Lemma 13.31 the limit of the coefficients 
of Cgl(0 is equal to (1 — i)CGL(i) evaluated at t = 1. This, and the rate of 
convergence, was calculated by Wall and is given in Theorem 13.41 

Theorem 3.4. lim„_i.oo cqlI'^) — cgl(oo) exists and satisfies 
and |cgl("') ~ cgl(oo)| — 0{d^") for any d with 1 < d < . 



3.2 Cyclic Matrices in Full Matrix Algebras 

Let Tyi{n) be the set of all cyclic matrices in M(y), where V — Then by 
Lemma 12.11 there is a one-to-one correspondence between the set of orbits of 
G1j{V) in its action on Tyi(n) by conjugation and the set of monic degree n 
polynomials over Fg. Denote the orbit on Tii{n) consisting of all matrices with 
minimal polynomial h by Th- Note that TQi^{n) C rM("-) and that when h has 
nonzero constant term, the orbit F/j defined in Section l3.ll is the same as the 
orbit Th we use here. By the Orbit-Stabiliser Theorem 

^ \GHV)\ 
' Cent{h) 

Definition 3.5. Let V be the set of all monic polynomials over Fg (including 
1) and let Vi be the subset of V consisting of the constant polynomial 1 and all 
polynomials whose irreducible factors all have degree i. 

Recall that Vf^ consists of 1 and all monic polynomials with nonzero constant 
term whose irreducible factors all have degree i. Note that = Vi for i >2 
but we use the notation for convenience. 

Definition 3.6. Let uj(n) = ^S^^^. 
It is easy to show that 

n 

u:{n) = Yl{l-q-^). (9) 

i=l 

Denote by cm("-) the proportion of cyclic matrices in M(F). It follows that 



|M(y)| ^ |M(y)||GL(F)| ^ Cent{K) 

dog(/i)=n deg(ft,)=n dcg{h)=n ^^^^ 



and hence 
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CM{n) _ ^ 1 



w(n) ^ Cent{h) 

hev 

dcg{h)—n 

which can be calculated by a snuilar method to that used for calculating CQi^{n). 

The following is a 'weighted' generating function for the proportion of cyclic 
matrices in full matrix algebras over F^, and is considered by Wall: 

The product of the functions Fi defined in ^ gave 

^dcg(/i) 



CenHh) 

but in Section [XTl F\(t) did not include the power series for the polynomial t. 
Including the polynomial t in Equation (|6]) gives 

It follows that 

j-dog(/i) 

CM(i) = E 



Centih) 
hev ^ ' 

^l + Er=ics4^)GGLW (by®) 

To calculate the limiting proportion of the coefficients of Cm (fy as n tends 
to infinity, we use Lemma 13.31 to get 



w(n) 



tg-1) 



(l-</-i)(l-9-^) 

where Theorem [33] and [4, Lemma 2.5.2] are used to justify the second last line. 
Since lim„_j.oo '^('t-) exists, the limit of c^(n) as n tends to infinity is 
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1 - 

lim CM{n) = lim uj{ri) x 



1 - q-^ 



OO 

= (1-9-') 11(1 

Hence we have the foUowing theorem, proved by Wall [221 Equation 6.23]. Wall 
also gave information about the rate of convergence of the cyiin) to cm(oo). 

Theorem 3.7. lim„_^oo cm(?^) — cm(oo) exists and satisfies 

00 

Cm(^) = (1 - q-") - 1^') ^l~q-' + 0{q-') 

i=3 

and |cm(?i) — cm(oo)| ~ 0{d^^) for any d with 1 < d < q^^ . 

4 Maximal Reducible Groups and Algebras 

This section is devoted to cyclic matrices in maximal reducible matrix groups. 
We calculate the generating function for the proportions of cyclic matrices in- 
side such groups and we calculate the limiting proportion of cyclic matrices as 
the size of the matrices tends to infinity. Then we modify our procedures to 
calculate the generating function and limiting proportion of cyclic matrices in 
the corresponding maximal reducible matrix algebras. 

4.1 The Generating Function 

Let V — ¥q and let U be an r-dimensional subspace of V . We investigate cyclic 
matrices in the setwise stabiliser, G1j{V)jj, of U in GL(T^), using similar notation 
to (j4]). Let rGL.r(?i) be the set of all cyclic elements of G\^{V)u- Then FcL.rl'T-) 
is invariant under conjugation by elements of G\j{V)u and by Lemma l2.91 there 
is a one-to-one correspondence between the set of orbits on Fgl ^C*^) under this 
conjugation action of G1j{V)u and the set of pairs of monic polynomials (/, h) 
over ¥q where deg(/) = r, deg(/i) ^ n, f divides h and /i(0) 7^ 0. Hence all 
cyclic matrices A in Gh{V)u, such that = / and ~ in the same 

GL(F)[/-orbit which we denote by F/^/j. Also, by Lemma [2T0] the centraliser in 
GL{V)u of a cyclic matrix A in F/^/j is equal to the centraliser in GL{V) of A, 
and hence has order Cent{h) (as defined in Section [^75)1 . We have that 

- Centih) (^2) 

and hence \Tf^h\ is the same for any / of degree r dividing h. 

Since any r-dimensional subspace of V can be mapped to any other r- 
dimcnsional subspace of V by an element of GLi{V), the size |Fy,/i| is independent 
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of the subspace U of V, depending only on the dimension r. So without any 
loss of generahty let CGL,r("-) be the proportion of cyclic matrices in GIj{V)u 
and let 

CO 

CGL,r(t) = ^CGL.rHr 
n—r 

be the associated generating function. Note that the terms start from n = r 
because CGL,r(f^) is not defined for n < r. 

Definition 4.1. Let a{h;r) denote the number of distinct monic degree r fac- 
tors of h. 

Note that a{h; r) will be zero if the degree of h is less than r. Recall that is 
the set of monic polynomials over with nonzero constant term. Since |r/^;t| 
is the same for any degree r factor of h we can write 



/X a{h\r)\Tf^h\ _ a[h]r) 

''''■'^ ' ^ \G\.{V)u\ ^ \GHV)u\ ^ Cent{h) 

h<^V+ heV+ h£V+ 

deg(h)—n dcg(/i)— n dcg{/i)— n 

dcgl f)=r 

(13) 

where in the summation / is a monic degree r divisor of h. If there were an 
easy way to calculate a{h;r) then calculating CGL,r('^) would be simple but 
unfortunately there is not. 

For each monic irreducible polynomial p of degree i we will again form the 
power series as defined in Equation ([5]) and let Fi be as defined in Equation 
(HI). We saw in Section [O that 

This is almost the generating function we require except that we need a factor 
a{h; r) in the term corresponding to h, for each h. 

We provide two lemmas before the methodology for calculating a new ex- 
pression for CGL,r{t). 

, V- niH"^'' t d f f t d / fk,,\\\ 
Lemma 4.2. For 6 e Z+, > = ... \e ' ] ] ], where the 

m>0 ^ ^ ' ' 

differentiation is performed b times. 

Proof. Since e^V'^ ^ E™>o have Hie'"/'') = E™>o re- 

peated differentiation gives the result. □ 



Lemma 4.3. 



ml dx™ ^ — ' ^ — ' \m 

n>0 ri>0 ^ 
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Proof. Differentiating the power series gives J2n>o (inn{n—l) . . . (n— m+l)a;"' 
^ »(«-!). ..(»-m+i) ^ ■ = if n < m, we get the 

result. □ 

For a given r, the partitions of r correspond to all the ways we can obtain a 
monic degree r polynomial as a product of irreducible polynomials. For example, 
the partitions of 2 are {2} and {1, 1}. These correspond to a monic irreducible 
degree 2 polynomial and a product of two monic irreducible degree 1 polynomials 
respectively. The problem arises when we have two irreducible polynomials of 
the same degree dividing our degree r polynomial, as is possible in the {1,1} 
case. We can't just choose two polynomials out of all the degree 1 factors 
because then we'll be over-counting if we have polynomials with multiplicity 
greater than one. So we need to break this case down into two sub-cases. In one 
sub-case we choose two different degree 1 polynomials and in the other sub-case 
we choose one degree 1 polynomial of multiplicity at least 2. These choices 
again correspond to the partitions of 2 but this time the partitions indicate the 
multiplicity of our factor not the degree. 

Rather than taking partitions of the components of the original partition, we 
create a two-dimensional array whilst keeping in mind what we are counting. 
We denote such an array by {niij), where rriij denotes the number of monic 
irreducible degree i factors of h that divide our degree r polynomial / with 
multiplicity j. The constraints on (rriij) are that we need the total degree of 
all the polynomials dividing / to equal r and we need, for each i, the total 
number of distinct degree i irreducible polynomials dividing / to be no more 
than N{i,q) (see Definition 13.21) . We formulate these constraints as follows. 

Definition 4.4. Let Ai{r) be the set of all two-dimensional integer arrays, 
M = (ruij), such that 

3. jriij > for all 

Let A4part{r) be the subset of M{r) consisting of all {rriij) for which rriij = 
whenever j > 2. 

Note that, by parts (1) and (3), rriij = whenever ij > r so these arrays are 
finite and could have been defined as r x r arrays. 

We will often work with just those arrays (rriij) for which rriij — whenever 
J > 2 so that (rriij) is essentially a "column vector". These correspond to 
polynomials / having no irreducible factors with multiplicity more than 1 , that is 
to say, separable polynomials. Moreover such an (rriij ) corresponds to a partition 
of r with rriii parts of size i, for each i. Hence Aipart(''') contains those (rriij) 
which correspond to partitions of r. 

Each degree r factor / of ft, corresponds to a unique M — M(f) = (rriij) G 
Ai(r) defined as follows. Let be the number of distinct monic irreducible 
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degree i factors of / of multiplicity j. Denote by a{h;r,M) the number of 
degree r factors f of h such that M(/) = M. If M(/) = M we wih say that 
/ corresponds to M. We can break down the problem of computing a{h; r) into 
computing a{h; r, M) for each M £ M.{r) and summing over M, that is, 

a{h\r) = ^ a{h\r,M). 

MeM{r) 

Now we concentrate on a fixed M £ Ai{r). We have to make sure that, when 
selecting irreducible polynomials as factors of /, we do not choose one we have 
already chosen to be in / or else that polynomial will have the incorrect multi- 
plicity. The choices of irreducible degree i polynomials of various multiplicities 
are independent for each i so we break down the problem even further. 

Let h € ■P"'" and for each i, let hi be the product of all the monic irreducible 
degree i factors of h, including multiplicities. If h has no degree i factors for 
some i, then set hi := 1. Thus hi G for all i, and h = hi . . . hn- Similarly, 
any degree r factor / of /i can be written as / = fi-.-fr where for each i, 
fi is the product of all the monic irreducible degree i factors of /, including 
multiplicities, fi € and fi divides hi. 

Since each degree r factor f of h corresponds to a unique M = M{f) = 

{iriij) S M{r), it follows that r = i jmij^ . Since all the factors of fi are 
degree i polynomials, fi 'corresponds' to row i of the matrix M = M{f) = {rriij). 
We define the matrix to which fi corresponds as 

Mi := Mi{M) = K,) = { "^'^ = I (14) 

Let Ti := ri{Mi) := i (^Y^^jmij^. Then it follows that Mj G M{ri), and 

n = deg(/,). Also, M - J:1=i M^. 

The problem of calculating the number of degree r factors of h corresponding 
to M . can be solved by calculating for each -i, the number of monic degree 
polynomials dividing hi corresponding to Mj. We have 

a{h;r)= ^ a(/i;r,M)= ^ (f[a(/i,;r,,M,) J . (15) 

MeX(r) MeM(r) \i=l / 

We should note that Q!(/ii; 0, M^) = 1 for all Mj G A1(0), ah hi G and all 
i since the constant polynomial 1 divides hi. 

Also note that if the degree of h is less than r then h clearly has no degree 
r factors. Hence in this case we have, for all M G M.{r), a{h;r,M) = since 
for at least one i, we must have a{hi;ri, Mi) = 0. 

Below we define r-parameters and then determine a{hi;ri,Mi) in terms of 
these parameters. 

Definition 4.5. Let T{h;i,j) denote the number of distinct monic irreducible 
degree i factors of h that have multiplicity exactly j. Let T{h;i,j,+) be the 
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number of distinct monic irreducible degree i factors of h with multiplicity j or 
greater. 

Lemma 4.6. For M = (niij) G M{r), 

3 = 1 ^ ^ 

Proof. Set rrii :— rriij. We describe the process of selecting the pairwise 
distinct monic irreducible degree i factors of / for a fixed value of z. If = 
there is nothing to do so assume that > and let j{i,M) be the largest 
integer j such that my > 0. Note that M) < r/i by Definition 14.41 fl). The 
i^ij{i,M) monic irreducible degree i factors of / with multiplicity M) can be 
chosen in ways. Once these are chosen we must not choose them 

again as factors to ensure they have the correct multiplicity in /. Thus for the 
next largest j such that > 0, we choose the ruij monic irreducible degree i 
factors having multiplicity j from the remaining available r(/i; i, j, +) — rn^j|^^ ]^/J^ 
irreducible factors of hi having multiplicity at least j. In general, if j is such 
that we have already chosen the rriik monic irreducible degree i factors of / of 
multiplicity k for all k > j, then we may choose the niij such factors of / of 
multiplicity j in exactly (J'^'^'^'^'~^')^^k>j "^i^^^ ways. Hence the result 

a(/.,;r„M,)= H ^^^^ ^' ^' +) ^ i:.>. 



3 = 



□ 



We now define the function for a monic irreducible degree i polynomial 
p as 

*. = *.(U.«fe,):=l + £jj|g-y- (16) 

As with , f^P^ = <I>P^ if pi and P2 are monic, irreducible polynomials of 
the same degree. So for all i G Z+ we will define ^'l as the product of the $p 
for all monic irreducible degree i polynomials p with a nonzero constant term. 
Thus 

*^^*f(..(»«teO:^[l+|:j=|g-yJ . (17) 

Lemma 4.7. As a power series, satisfies: 



Cent(hi) 
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(2) TT$+= V ^-^^^ - 

^ ^ * Cent(h) 

where and are as in Definition \3.1[ 

Proof. (1). Every polynomial in corresponds to a summand of <i>^, namely 
each hi G is a product of p-'(p) (where j{p) > 0) over all monic de- 
gree i irreducible polynomials p, and deg{hi) — ^^pijip)- The correspond- 

ing summand of $^ is — and this is obtained by choosing the 



term corresponding to p^^P\ which is Centli,j{p)) ^(P^ — ^ ^ ^^P) 
0. The denominator of the summand corresponding to hi is Cent{hi) since 
Y{j,Cent{i,j{p)) = Cent{]\^p^^P'^) = Cent{hi) by Lemma[2311 The exponent 
of t is ij{p) = deg(/ii). For each monic irreducible degree i polynomial with 
multiplicity the corresponding contains an Sij term, so the exponent of Sy 
in the summand corresponding to hi is the number of monic irreducible degree 
i factors p of hi such that j{p) = j, that is r(/ii; i, j). Hence 

(2). is simply the product over all monic irreducible polynomials with 

nonzero constant terms as opposed to the computation in case (1) where we just 
chose those irreducible polynomials with degree i. Hence every polynomial in 
will correspond to a certain term in By part (1) the term corresponding 

to a polynomial h is 

CentQi) 

where now we have Sij present for each i such that r(/i; i,j) > 0. Hence we get 
our result 



' ^ Cent(h) 



□ 



Note again that for each i e Z+ the only occurrences of Sij for any j are 
in So if we partially differentiate with respect to Sij for some j we 

get the same answer as if we partially differentiated with respect to Sij and 
multiplied by the product of the remaining i' ^ i. 

We will perform a series of operations on each in turn so that after 
this procedure for the coefficient of the term corresponding to a polynomial 
hi e Vf and an M G Mir) will be a{hi;ri, Mi)/Cent{hi). 
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Definition 4.8. For i > 1 and M £ M{r), let 

where = iJ2jj'^ij- 

Note that, if = (which holds in particular if i > r) then a{hi, ri, Mi) — 1 
for each hi G , and hence in this case ^^J^.J ^ — Fi a.s defined in (O . In this 
case the leading term of „ is 1 and corresponds to the constant polynomial 
1GP+. 

The product of $^4,/ ^ over all z is a power series such that the coefhcient of 
the term corresponding to a polynomial h G is a(h;r,M)/Cent{h). Then 
summing over all M G A4(r) will produce a series such that the coefficient of 
the term corresponding to h is a{h;r)/Cent{h), that is CGL,r{t). We prove this 
now. 

00 

Lemma 4.9. Cgl..W - E Il^tM.JO- 



Proof. From Definition 14.81 we have that 

^dcg(hi) 



Cent(hi) 

Recall from Dcfinition l3.1[ that P^ is the set containing the constant polynomial 
1 along with all monic polynomials that have a nonzero constant term and 
whose only irreducible factors have degree i. Each h G P'^ , that is, each monic 
polynomial with nonzero constant term, has a unique factorisation, h = hi, 
where hi G P^ for each i. Using this notation we have 

11 ^Af,a 11 Centihi) 

By Equation [T5] we know that W^^a(hi\ri,Mi) = a{h;r,M). By Lemma [2.121 
we know that Y[i Cent{hi) — Cent{h) since the hi are pairwise coprime and we 
know that each polynomial hi corresponds to the t-power t'^^sC'*) so Yli i'^^s^''') = 

11 ^M,c. 2^ Cent(h) 
4=1 hev+ ^ ' 

Now we want to sum over all M G M.(t). The sum over h G P^ and the 
sum over M G A4{r) can be interchanged so that 
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V 17*+ V V "(^;^^^^)^'°"^''^ 

11 iM.a Cent(h) 

M<£M{r)i=l M£M{r)h<£V+ ^ ' 



Cent(h) 

By Lemma [T51 we know that X]j\/eA^(r) ^^'^ "^i = a(h\ r) and by using Equa- 
tion (|13p we have 

11 ^■M■.o. Z^ Cent(/i) 

oo 
oo 

= 5]cGL,.(7l)r 

n— r 
= C'GL,r(t) 

since CGL.r(?i) is trivially evaluated to for n < r. □ 

We now describe the procedure to produce ^ for a fixed r e Z+ , a fixed 
M — {mij) e M{r) and a fixed i < r. 

Procedure: PhiAlpha (r, Af, j) 

Input: r = dim(C/), M e 7W(r), i e Z+. 

Output 

Operations 

Set := $+, s,o := 1 and k [fj. 

For j > fc assign Sij := s^fc in v]/. 

While fc > 

Set * := r^^^-. 

Set Sik ■= Si{k-i) and k := k — I. 

Return 
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Lemma 4.10. (1) The procedure PmALPiiA{r, M,i) correctly returns ^ ; 

(2) The smallest j such that P has nonzero coefficient in the power series 
expansion of^fjyf^^(t) is j = r,;. 

(3) Moreover, ifiY^jj^rj = r,; = then $+M,a(^) = 

Proof. The initial value of fc is if and only if i > r and in this case the 
procedure returns $^|(si =i for all j)- This power series is equal to Fi, as defined 
in Equation ((T]), and is correct since we do not wish to choose any polynomials 
of this degree (since they cannot divide /). As noted after Definition l4.8[ in this 
case ri = 0, Fi{t) — '^^m ai^) ^^'^ ^^"^ leading term is 1. Thus the assertions 
(1) — (3) follow in this case. 

Assume now that i < r. We first prove part (1). At the start of the procedure 
\I/ := ^f. The value k — [r/i] > 1 is the highest possible multiplicity of a degree 
i factor we could choose to be a factor of /. 

Let jo — \ r/i\. Start by making Sij equal Sij^ in ^I^ for all j > Jq. After this 
the exponent of is the number of irreducible degree i factors of h that have 
multiplicity at least jo, that is r(/i; i, jo, +)■ At the beginning of the while loop 
we have 



E n 

h,eVf \ \3<30 



r{hi\i,j) I T{hi-i,jo,+) J^^^^^f^ 

I Cent{h, 



We repeat the steps in the while loop jo times. After performing the partial 
differentiation step the first time (for k = jo), Lemma implies we get 




V ™»jo )Cent{hi) 

The Sij for j < jo remain, while the power of Sij„ is reduced by ruij^,. The 
lT{hi;t,3o,+)\ appears as shown in Lemma [4.31 If jo = 1 then we assign sn :— 1 
and we return 



Centifii) 



By LemmalMl if jo = 1 then f^'^^^f '"*''') = a{h,;r„Mi) and hence ^ = *+m,q 
is correctly returned. 

Now assume that jo > 1 so that we assign Sij^ to equal Sj(j„_i). The new 
exponent on Si(jj,_i) will be T(/ij; z, (jo — 1), +) — X]j>jo "^ij- For a general k the 
while loop proceeds as follows. After differentiating, by Lemma 14.31 the term 
corresponding to hi e is multiplied by '"'^) , and the Sij are 

modified. Hence after running the while loop for k = jo, jo — 1, ■ • ■ , 1 we will 
have produced the coefficient 
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n 

and the function returned is 



ma 



Centihi) 



By Lemma 14.61 we see that we have correctly returned 

^dcg(h.) 

Thus part (1) is proved. In particular, if = then a{hi;ri, Mi) = 1 so that 
^tM,a = ' so Pa^t (3) holds. 

Let I < Ti — i jniij. If /i^ G 7^^^ and deg(/ii) = then hi has no factors of 
degree r^, so a{hi, ri, Mi) = 0. Thus the coefficient of t'' in a(*) zero. On 
the other hand if Z = then there exists at least one hi £ of degree r.^ (even 
if ri = 0) such that hi has monic irreducible degree i factors of multiplicity 
j for each j. For each such hi, a{hi\ ri, Mi) = 1 and so the coefficient of is 
nonzero. Thus part (2) is proved. □ 

We now give an alternative expression for determining the generating func- 
tion CGL,r(i) that involves Wall's function CglI^) defined in Equation ([5]). This 
expression will be used later to study the asymptotic properties of CGL.r(^i)- 

Theorem 4.11. For each i, let rrii := my . Then 

r 

M£M(r) i=l 

where </)+ = m,l(^^^'''^A TT „ ^^'^ and CqlW = 

Yli Fi as in Equation (0). Moreover, if i > r then 4>^j^[{t) = 1 for all M £ A4{r). 
Proof. By Lemma 14.91 

oo 

and by © 
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Also in LemmaOni (2), for z > r we have ^fMai^) ^ Then it follows 

that 

MeM{r) i=l ' 

where by ©, F,{t) = [l + J2T=i c^kjT)) LemmaHITl 

We consider the details of the procedure PHlALPHA(r, M, i) that constructs 
'^tfAa^^)- Firstly the procedure sets 4* :— $^ and assign k := [r/ij. Then the 
Sij are assigned to Sik for all j > fc so that becomes 

k-l oo ■■ 

where *o is given by 1 + J^^Zl ^.^I'-g-) + Sj^fc rHi-q-') ■ 

In the first run of the while loop, we partially differentiate ^ with respect 
to Sik, nT'ik times, and divide by rriikl- Suppose first that > 0. Then, by 
the chain rule, this will produce 



N+it,q){N+{i,q)-l)...{N+ii,q)-m,k + l)= [] iN+it,q)~u). 

The first partial derivative of is q^^i-q-^) "^^i^^ ^ geometric progres- 

.ik 

sion equal to • Thus after performing the partial differentiation 

and division by rriikl we obtain 



n '""'■■^)-"'l^( ,.>ii-,4--,-) V""*"'"'"""'"^ 



The final step in the while loop is to change Sik into Sj(-j,_x) and hence 
becomes 

As the procedure prescribes, we now repeat the while loop using fc — 1 in 
place of k. After performing the while loop [r/i\ times we will have partially 
difi'erentiated rm times. After all runs of the while loop, ^ will equal 
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,0<M<mi / j = l 



<_ \ ,T,N+{i,q)-m, 



where is equal to the function with all the set to 1. We make note of 
the fact that we only need to take the product over j from 1 to [r/ij because 



for j > [r/i\ we have that m^j = and hence ( g'j(i-<;-')(i-t'g-) 
This final expression for ^I* equals ^^j^j by Lemma [4. 101 
Finally observe that 



= 1. 



- q-'){l - t'q-') 

and hence, by Equation [71 substituting in the values of Cent{i, j), we have 
= ^'o(i)^^ Since m, equals ™»j and TO,!(^^i'«^) is equal to 

no<«<mi(^^(*''?) - it follows that ^'j^^t/*^ is equal to 



, I N+{^, q)-^ 1 J_ [ t'^ 

fN+{i,q)\ ^T^^ 1 / 1 t'^' 



m 



\ nil J ^, rrii 



Rearranging gives 



n- 



Fi{t) '\ m, J mij\ V (1 - q-'){l - t'q-') + Pq 



m 



N+{l,q)\ ^j^^ 1 f t^'q-'^ 



m 



^ rriijl \1 ~ q * + Pq 
/N+{t,q)Y^ {tq-^r^^^ 



□ 



25 



4.2 The Limiting Proportion 

Now that we have a formula for the generating function, Cgl.t-C*), for any r, we 
will prove that its coefficients converge and find their limiting value. We use 
the expression for (pf^it) from Theorem 14. Ill 

Lemma 4.12. Let M — {rriij) G Ai{r). Then for any i < r, the power series 
expansion of 



is convergent for \t\ < q{q^ ~ ly/^. 
Proof. We first express 0,^m(O follows: 



[r/ij 

\ * / T 1 



i=i 



Clearly the polynomial mi\{^ J^^'''^)t'^^q ^' Y[j=i^ (t^Tt) convergent for all 
but (1 — q~^ + t^q-'^i^-'mi needs further inspection. We need to find the radius 
of convergence of the power series for (1 — q~'^ + t^q~'^'^)~^. Factorisation gives 

1 1 / 1 \ 



Now — X)i^o^* convergent if and only if < 1 and hence the 
power series for the displayed function is convergent if | \ < 1, that is, 
< q'{q' - 1). This is equivalent to \t\ < q{q' - □ 

r 

Corollary 4.13. The power series expansion of ll^'/'i~M(^) ^•^ conver- 

MeM(r) 1=1 

gent for \t\ < q{q - 1). 

Proof. By Lemma 14.121 the power series expansion of (ptAiW convergent for 
1^1 < q{q^ — iy/^ for alH < r and any AI G A4{r). Hence Y[i convergent 
for \t\ less than the minimum of — 1)^/* over i — 1, . . . , r. That is to say, 
for \t\ < q{q — 1). Hence we have our result since A^(r) is finite. □ 

Despite the above corollary, CoL.rit) is only convergent for \t\ < 1 because 
CGh{t) is only convergent for \t\ < 1 (see our comment before Theorem 13.41 

The next theorem gives us a definite formula for the limit of CQi^^r{n) as n 
tends to infinity. 
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Theorem 4.14. For r G Z"*", CGL,r(oo) := lini„_j.oo CGL,r("-) exists and satisfies 



CGL,r(oo) = 




where (jyfj^.j {t) is defined as in Theorem \4-ll\ Moreover, for any d such that 
l<d<q{q- 1), \cGL.r{n) - CGL,r(oo)| = 0(d""). 

Proof. From 22 , (1 — t)CGL(i) is convergent for \t\ < q^ and by Corollary 14.131 
EA/GA4(r) nj0»tM(*) is Convergent for \t\ < q{q - 1). Hence (1 - i)CGL,r(0 is 
convergent for \t\ < q{q — 1). 

By Lemma I3.3[ (1 — t)CGh,rit) evaluated at t = 1 will give us the limit 
of CGL,r{n) as n ^ oo. By [22l Equation 6.23] we know that (1 — t)CGL(i) 
evaluated at i = 1 is 



-,-5 



1 + 



Thus 



1 - q^'^ 

lim CGL,r(n) = T— — ^ E n'^?M(l)- 

MeM(r)i=l 

We showed above that (1 — t)CGL,r{t) is convergent for \t\ < q{q — 1), so the 
final assertion stating the rate of convergence follows by Lemma 13.31 □ 

We note that the existance of the limit CGL,rioo) and the convergence rate 
of CGL,r{n) asserted in Theorem 11.11 follow from Theorem 14. 141 

We now evaluate (1) for all i and determine the first few terms of the 
power series expansion. This will aid us in proving Theorem 14.221 which deter- 
mines the first nontrivial term in the power series expansion for CGL,r(oo). 

Lemma 4.15. Let M = {rriij) G M{r) and set = ^ - rriy for each i. Then 
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with the notation of Theorem \4.11\ we get 



Proof. We consider separately for i = 1,2,3,4 before fooking at the 

general case i> 5. 

Case: i — 1 

From the definition of 0^jv/ {t) in Theorem I4.11[ 

'^i-*^(') = '"^\ mi j JLl my!(l-g-i+,-2)™,- 

We consider (pi ^i^) in three parts. First of all, noting that nii < N^{l,q) = 
q — 1 since mi is the number of distinct linear factors of a polynomial /, we 
have r7ii!(^ rii''^'') = ^ ^ 2) ... ((7 — "^i), which equals 

(l - + I^) ,-1 + + ^ - - H^) + 0{q-^)) . 



(18) 



where the coefficient of g'"!^^ computed in detail in Lemma 2.5.1 of [1]. 
Secondly, 

Finally, since ^i^^-^m. — J2k>o (""^fe ^^)^'^' making a Taylor expansion we get 
= l + mig-i + "^^7-^) g-2 + Q(g-3). 
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Multiplying together the three parts and collecting terms gives us (j)'^ equal 
to 



n 

V2 2/-' l8 12 8 12/^ ^^^ 



Case: i — 2 

From the definition of (t)fji.j (t) in Theorem I4.1H 



\ 7712 J S[ '7Z2j!(l — 

Note that N{2, q) = iV+(2, g) = -2^. We consider in three parts. First 

of all, 



= ^{q^-q){q^-q-2)...{q^-q-2m2 + 2) 



(19) 

The coefficient of q2m2-2 aj-jggg from summing together "'^^"^ — which is 
the number of ways to choose q^ from m2 — 2 terms and —q from two terms 
above, with —1712(^12 — 1), which is the coefficient obtained by choosing q^ from 
TO2 — 1 terms and a nonzero constant term from one term above. 

The second part is 



n 



3 



q 



m2jl n,'^2j! 



Finally the Taylor expansion of 



n i - i 

= 1 + m2(g-2 - + (™^+') (9"' - Q-"? + ■■■ 
= 1 + ni2q-^ + 0{q-^). 

Multiplying together the three parts and collecting terms gives us 0^m(1) 
equal to 

2m2-2Eim2, / i / "^2 SmaN . ,A 



2"2j].7772j! V V 2 
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Case: i — 3 

From the definition of (t)fj^j (t) in Tlieorem I4.11[ 



Note that 7V(3, g) = iV+(3, q) -S-g-i. We eonsider 0;^jvf(l) three parts. First 
of all, 

= 3^ (9^"' - m3g3'"3-2 ^ (9(g3m3-3)^ (2O) 



Secondly, 



Finally Oj ^i^q-3+q-,yns, = (i_^-:4g-")"'3 = 1 + ^(g Multiplying to- 



gather the three parts and collecting terms gives us <Pt mW equal to 



3"3n,m3, 



(l-m3g-2 + 0(q-3)) 



Case: i — 4 

From the definition of (t) in Theorem 14.111 



&(1)=™4! 11 



V m4 / m4j!(l - g"** + g"*^)"*J 



Note that iV(4,(j) = N+{4,q) = 2li|!±2. We consider (/-l^/ll) in three parts. 



First of all, 



1714'. 



K^'lnf) - {i{q'-q'+q))...{}{q'-q' + q)-m4 + l) 



^ (9*"^ - m4g4'"^-2 _^ o{q^"'^-'^)) (21) 
^(l-m4g-2 + 0(g-3)). 



Secondly, 



n 



Finally 11^ (i_^-4+^^-«).»4, = {i-q-4q-^r^ = I + 0{q Multiplying to- 
gether the three parts and collecting terms gives us 4>4 Mi^) equal to 
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= (l - rmq'^ + 0{q-^)) 



Case: i > 5 

From the definition of (t) in Tlieorem 14.111 



-L^ my!(l - + 9-2')™' 



Note that N{i,q) = N^{i,q) for i > 2. We consider (/)^^,j(l) in three parts. 
First of all, since the exponent of the second term in N{i,q) is at least 3 less 
than the leading term, we have 

= g^{l + 0{q-^)). (22) 

Secondly, 

q-ijrriij q-iY,jm.ij 

Finally 11, " (1-,-.+,-^-)"'^ = ^ + 0{q-')- Multiplying to- 

gether the three parts and collecting terms gives us 0^^^,/ (1) equal to 



q 



□ 



Corollary 4.16. For M = {rriij) G Mpartir), we get that 



Ai Smji '"-11 ' '"11 \ „-2 I ^^„-3- 



3 12 

1 

2™2iTO2i! 



n^ii 


7mii\ 


8 


12 ) 








f mil 







q-' + 0{q-') 



<m(1) = -^;^,{l + 0{q-'))for^>^. 
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Proof. Let (niij) G J^part{r), that is {rriij) corresponds to a partition of r. Then 
for aU i we have = for j > 2. Hence irrii — i jrriij — 0. Thus the first 
term of </>^j\/(l) is a constant term for all i and the remaining terms are as in 
Lemma 14.151 □ 

We have expressions for the 0/^^/(1) for different M e A4{r). The following 
lemma and corollary will help us understand more about them. 

Lemma 4.17. For a given i, the leading term of (f)lj^j[l) is a constant if and 
only if VTLij = for all j > 2. 

Proof. Let M = {niij) G M{r) such that for a given i, rriij = for all j > 2. 
By Lemma HTTSl the leading term of </'^m{1) is . Since m.ij = for 

j > 2, we get that irrii — i'^jj'm-ij = and hence the leading term of (f'tni^) 
is a constant. 

Conversely suppose that the leading term of (ft^jijil) is a constant. Then 
by Lemma r4.15[ iJ2j ''^ij ~ — 0, that is, ij^ji^ ~ — 0- Hence 

ruij = for all j > 2. □ 

Corollary 4.18. The leading term, of (j)fj^j{l) is a constant for all i if and only 
if (m.y) G Mpart{r). 

Proof. If the leading term of every (/'^^./(l) is a constant then by Lemma [4.171 
rriij = for all j > 2 and for all i. Hence (my ) is a partition of r, that is 
(rriij) G Mpartij")- Conversely, if (mij) is a partition of then rriy — for all 
i and j > 2. Then by Lemma [4. 171 the leading term of (p^i^iil) is a constant for 
all i. □ 



The next two lemmas provide us with the tools which will enable us to sum 

Af ( 



the (1) over all M e M{r 



Lemma 4.19. Suppose that for some k G Z+ and fk ■ Q we have, for 

each r, 



M^Mpart(r) 

Then 

oo 

1 + ^ art"^ 

r=l 

Proof. For i G consider the series 

1 




1 + + + 



i-t^ 

The product of taken over all i is equal to the generating function for the 
number of partitions (see [23]). That is, it is the series 1 + Y^^=iPri^ where Pr 
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is the number of partitions of r. This is because each partition of r corresponds 
to a unique selection of terms f™'!* from the series above, one term for each i, 
such that J2i "^ii* = The corresponding partition has ma parts of size i for 
each i. 

In the above scenario, each partition of r contributes V to the generating 
function. For the lemma we want the partition of r having m,i parts of size 

i, for each i, to contribute fk{'m-ki)t^Yli {"-^nm-il generating function. 

Hence each time wc choose mn parts of size i for our partition of r we want it 



for i ^ fc and MninK 
For all i^k, consider the series 



to contribute — , iov i ^ k and ^^Z'', — i — when i = k. 



11 t' t^' 

and for i = fc consider the series 

^ fc-m! fell! + )fc22! 

m>0 

Then the partition {rriij) £ M.pari{r) corresponds to selecting, for each i, 
the term involving t*™'! from the ith series above, and its contribution to the 
generating function is /fe(mfei)r Hi t^^hT^.- Hence 



m>0 / i^fc r=l 



k™m\ 

and this is the generating function we seek. Now 



1 



and hence 



1 + J2arf={j2 



. i™ml I 1 — t 

r=l \m>0 



□ 



Corollary 4.20. For each r > 0, let 

Then 1 + J2r>o '^rt^ equal to That is, = 1 for all r > 0. 
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Proof. Letting fk (in) — 1 for all m in Lemma 14.191 we obtain 

y. TT-^ 

Me 

and 



Or- — y ■ ■ . , 



1 + - E^K^ 



I m>0 



1 

1-t ■ 



1-t 



Clearly all the coefficients in the expansion of are 1. Hence is equal 

to 1 for all r. □ 

Lemma 4.21. Suppose that, for some k,i E Z+ and functions fk,fe ■ Q 
and for each r, 



MeMpart(r) i 

Then 



r=l \m>0 / \m>0 

Proof. As with the proof of Lemma 14.191 for all i ^ fc and i ^ £, consider the 
series 



t' t 



2i 

^" ""^ ' ill! ' i22! 



for I = fc consider the series 

^ fc™m! ■'''^ ^ fell! fc22! 

TO>0 

and for i — £ consider the series 

/f(n>)f"" , , /((I)'' , /((2)f" 



E^^S^ = /'(») 



£™to! ' ^if! £22! 

m>0 



Each partition (mij) G Alport (j^), corresponds to a product of a unique 
selection of terms from the series above, one for each i, and the contribution to 
the generating function is fk{mki)fe{mn)t''Yli j^,/„^^^! - Hence 
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and hence is the generating function we require. We see now that 



e 



l-t 



Hence the generating function we require is 



E 




fc^rn! I \ ^ £™m! / 1 - < 

, m>0 / \m>0 



□ 



We now licLve the teclmic^ues reQuired to determine lim^^oQ CGL,r{n)- The 
following theorem does this. 

Theorem 4.22. For r e Z+, lim CGL,r("-) = I - q^^ + 0{q~^). 

Proof. The proof will consist of three parts. The first part will calculate the 
constant term in the expansion of lim„_+oo CGL.r('T-), the second part will cal- 
culate the coefficient of and the third part will calculate the coefficient of 

Before starting the first part, we note that the expansion of i[~^_3 is 

1 - q-^ - q-^ + 0(g-*^) 

and by Theorem 14.141 we multiply this with '^MeM{r)Y[i4'tMi^) ^'^ produce 
lim„_>ooCGL,r("-)- Thus the constant term, the q~^ term and the q~^ term in 
lim„^oo CQL.r{n) are the same as those in the expansion of '^MeM{r} Yii 't'tAii^)- 

Constant Term: 

By Corollary 14.181 the leading term of 0/^jv,f(l) is a constant if and only 
if M G Mpartir)- From Corollary 14.161 we can see that this leading term is 
i^iim i! ^ Mpart{r) SO the coustaut term in lim„_j.oo CQL,r{n) is 

By Corollary 14.201 this equals 1 for all r. Hence 1 is the constant term of 
hm„^oo CGL,r(") for aU r. 
Coefficient of q^^ 

For the coefficient of we will first sum oyer all M £ Mpartir) and then 
look at those M ^ Mpartir) that also contribute to the q~^ term. 
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Let M — {rriij) € Mpart{r)- By Corollary 14.161 there are exactly two ways 
to produce a term. The first is to multiply the term in with 
the constant term from each of the remaining The second way is to 

multiply the q^^ term in ^^jv/ (1) with the constant term in each of the remaining 

The first way produces -y^ + -^^^ Hi imnm ■ Summing this over 
all M G Mpartir), gives the generating function as 




by Lemma l4.19| using fi{m) — rr? in the first case and fi{m) — m in the second 
case. By Lemma [4.21 we get the generating function for the coefficient of q^^ 
arising in this way to be 



2' ' 2 J l-t \ 2 J 1-t 

The second way an AI G Alport (j") can produce a, q^^ term, produces 
-TO21 Yli »'"amii! g~^- Summing this over aU M e Mpart{r), gives the gen- 
erating function for the contribution to the coefficient of q^^ as 

2™m! } l-t 

by Lemma |4.19[ using f2{'fn) — — m. By Lemma 14.21 with b — 1 and fc = 2, we 

S^t Sm>o 2"m! ~ T^~' ^^^^ generating function for the coefficient of q^^ 
arising in this way is 

-e 2 



2 / 1 - i \ 2 J l-t 
Summing together these two functions gives the generating function for the 
contribution to the coefficient of q~^ from M G M.part{f), namely -=3^. 

We need to look at M = [mij) ^ Adpart{r) that also contribute to the q^^ 
term. By Lemma [4. 1 71 there exists an i such that the leading term of (P^mW 
not a constant. Hence for M to contribute to the q~^ term there is a unique i 
such that the leading term of </>^m(1) ^ constant and this leading term is 

q~^ . Thus i'Y^j Triij — i'^jjmij = — 1. Rewriting the equation we see that we 
need ^ — ~[" Since the left hand side is an integer, this equality 

can only hold for « = 1. Thus we need ?!'^m(1) * > 2 to have constant leading 
term and ~ jO'^ij — ~1- By Lemma 14.171 The first condition implies that 

rriij = for i > 2 and j > 2 while the second condition implies that TO12 — 1 
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and mij = for j > 3. Hence if (rriij) ^ Mpartif) and contributes to the q 
term then 



Note that there are no such (my ) when r = 1. If we take such an (m^ ) G Ai{r) 
and form a new M' = {m[j) with m^^- = for ah (i, j) ^ (1, 2) and m']^2 = 
then M' G Mpart{r — 2). Moreover, each element of Aipartir ~ 2) occurs in this 
way so we think of an {rriij) as in (j23p as a partition of r — 2 with mi2 = 1 
appended to it. 

We can see from Lemma 14.151 that for each M = {rriij ) as in , for 
* > 2, has constant term and for i — 1 the coefRcient of 

is r. Hence each of these (ma) produces TT. — r as the coefficient of 

mil! \ i-J J I- ILi i"Hlrni\\ 

q~^. Summing this over ah M ^ Mpart{r) that contribute to the q^^ term is 
then the same as summing over ah M' G Mpart{r — 2). By Lemma [4.191 the 
generating function for the sum of Yii j^am-i! '^'^'^^ ah partitions of r is j^. 
The generating function for the sum of Yli i^^iim- \ partitions of r — 2 

,2 

has no terms of degree less than 2 and so is . Hence the generating function 

for the contribution to the coefficient of q^^ from M ^ Mpartir) is j^^. 

Adding the generating functions for contributions due to all M e Mpartif) 
and M ^ Mparti^) to the coefficient of gives us 0. Hence for all r there is 
no q^^ term in the expansion of lim„_j.oo CGL,r('^)- 

CoefRcient of 

We take the same approach in calculating the coefficient of q^^ . We first 
sum over all M G Mpartir)- Let M G Mpartif)- From the expansion of the 
^tni^) Corollarv l4.16l we see that there are several ways to form a q~^ term. 
Each of these ways corresponds to a line of Table [TJ For each line in Table [1] 
the contribution from (jilj^.j for i > 5 is 1. If a line contains exactly one non-1 
entry then that entry is a certain function of m^i for some fc, say fki^ki) and 
this line corresponds to a summand of the coefficient of where is as 
given in Lemma 14.191 The sum 1 + '^ri^ corresponding to these values 

of Or is evaluated using Lemma 14.191 and Lemma 14.21 and recorded in the last 
entry for this line. There is one further line that contains two non-1 entries 
which are certain functions /fe(mfci) with k — 1 and fi^mn) with i — 2 and this 
line corresponds to a summand of the coefficient of g^^, where is as given 
in Lemma 14.211 The sum 1 -|- X^J^i ^rt^ corresponding to these values of is 
evaluated using Lemmas 14.211 and Lemma 14.21 and recorded in the last entry for 
this line. 

The sum of all the generating functions is the generating function for the coef- 
ficient of q^^ due to M G Mpart{r)- It is f^. 

Wc now look for the contribution to the q~^ term in Yli 4>tMi^) from AI ^ 




(23) 



37 



Generating Function 



1 
1 
1 
1 

wiii(mii-l) 
2 y 
_ Tmii -2 
12 y 

"tl „-2 



1 

1 

3m2l „- 
2 y 

-m2iq~ 
1 
1 

1 
1 



1 

-m^iq- 
1 
1 

1 
1 
1 
1 
1 



1 
1 
1 

1 
1 
1 

1 
1 




-5(t^+3t^+t) \ 1 
12 i 1-t 

8 i 1-t 



Total 



Table 1: Producing the generating function for the coefiicient oi q ^ in the 
expansion of lim„^oo CQL.rC"') due to M £ A4part(r). 



■Mpart{r)- For each i we need to choose a term involving g"' from such 
that flj = —2. In particular each satisfies > > —2. We will use 
Lemma 14.151 

For z > 3 the exponent of q either is i ~ or is at most i ^ 

j)mij — 3. The only possible value out of 0, —1, —2 is and hence for each such 
M we must have rriij = for all i > 3, j > 2 and a; = for all i > 3. 

Since we require M ^ M-partir) there must exist an ?o equal to 1 or 2 and 
jo > 2 such that mi„j|-, > 0. By Lemma r4.15[ 



(24) 



-2<a^„ <iQ ^(1 - j)migj < io(l - jo)m,„j„. 
Hence either 

• «o = 2 and (jo, ™2j"o) = (2, 1) and m2j — for all j > 3; or 

• io = 1 and (jo,"iijo) = (2,1), (2,2) or (3,1) with my = for ah j ^ 1, jo- 

We consider each of these four cases in turn. 

Let us consider the first scenario where io = 2, jo = 2, r7i22 = 1 and m2j = 
for j > 3. It follows from ([M)) that 02 = —2 and hence = for i 7^ 2. Thus 
the first type of (my) ^ Alport (j") that contributes to the q~^ term is as follows 



(my) 



mil = anything (i > 1) 

m22 = 1 

"i2j — {j > 3) 

m,j = (i / 2,j > 2). 



(25) 
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Note that there are no such (rriij) for r < 4. If we take such an {niij) G A^(r) 
and form a new M' = (m-^ ) with m-^ = for all ^ (2, 2) and TO22 = 
then M' S Mpartir — 4). So we think of an (mij) as in (|25p as a partition of 
r — 4 with TO22 = 1 appended to it. 

For (rriij) as in (j25p . we have rn2 = + 1 and = m^i for i ^ 2. By 
Lemma [4. 151 we obtain the (f>^Mi^) follows: 

'/'^m(1) = -^(1 + 0(9-^)) 
mil! 

and for i > 3 



<m(1)-^^(1 + 0(,-)). 

The 'i' inside the 0^_m(1) occurs because 2"^ = 2'"'^^2\ 

There is only one way to make up a g"^ term and the first line in Table [2] 
corresponds to forming a term in this way. 

From now on we will let ig = 1 so TO2j = for all i > 2, j > 2. If (jo, fnij^ ) = 
(3,1) or (2,2) then the leading term of (p^ involves q^^ so ai — ~2 and 
Ui = for all i > 2. Hence we get two more types of nonpartitions which 
contribute to the q^^ term, namely 




anything (i > 1) 
1 

0(jV1,3) 
(^>2,J>2) 



and 




: anything (i > 1) 

-:o(,>3) (2^) 

(i>2,j>2). 

Note that there are no such (rriij) as in ((26)) for r < 3. If we take such an 
[rriij) G M{r) and form a new M' = {m'ij) with m-^ = mij for all (i,j) 7^ (1,3) 
and m'i3 = then M' e A^part(f' — 3). So we think of an (rriij) as in ([26)) as a 
partition of r — 3 with mis = 1 appended to it. 

Also note that there are no such (rriij) as in (l?f)) for r < 4. If we take such an 
(rriij) G M(r) and form a new M' = (m'^j) with m[j = m^ for all (i,j) ^ (1, 2) 
and mi2 — then M' G Mpart('r' — 4). So we think of an (rriij) as in p7| as a 
partition of r — 4 with mi2 = 2 appended to it 

For (iriij) as in (1^51) . we have mi = mn + 1 and m^ = m^i for i ^ 1, and by 
Lemma [4. 151 we produce 4>tMi^) ^ 
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<M(l) = ^(l + 0(g-^)) 

77111 ! 



and for i > 2 



<M(i)-^;;,r;^(i + 0(,-)). 



There is only one way to make up a term and the second Une in Table [2] 
corresponds to forming a term in this way. 

For (jriij) as in (|27p. we have 777i — rrin + 2 and 771^ — nin for i ^ 1, and by 
Lemma r4.15l we obtain the (t^l^W follows: 

0tM(l) = £^(l + O(.-)) 

and for 7 > 2 



<m(i)-^;;,;t;^(i + 0(,-)). 



There is again only one way to make a term here and the third line in Table 
[2] corresponds to forming a g"^ term in this way. Note that Y\ - niijl — 7nij!2!, 
so we can take the half out as a factor. 

Finally 7o = 1, Jo = 2 and 777.12 — 1 with 777 1^- = for j > 3 provides us with 
our last case. Here we have 

777^1 = anything [i > 1) 

ruij = (i > 2,j > 2) 

Note that there are no such (777^) for r < 2. If we take such an (777jj) e A^(r) 
and form a new M' — {m[^) with 777^^ = rriij for all 7^ (1,2) and 77712 = 
then M' € Mpartir — 2). So we think of an (777^^) as in [28] as a partition of r — 2 
with 777 1 2 — 1 appended to it. 

For {m,ij) as in (|28p . we have 777i = 77111 + 1 and 777.^ = 777.^1 for i ^ I, and by 
Lemma [4T5] we obtain the (ptAti^) ^ follows 



and for i > 3 



<m(1) = ^(1 + 0(,-)) 
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M as in: 




<m(1) 




(ESI 


1 


1 

2 


1 


(ESI) 


1 


1 


1 


(EZl) 


1 
2 


1 


1 


(EH) 


1 


-m2i 


1 


(ESI) 


2 


1 


1 


(ESD 


"Hi 
2 


1 


1 



Generating Function 




Total 



Table 2: Producing the generating function for the coefficient of (7 ^ in the 
expansion of linin^oo CGL,r(?T-) due to M G A4{r) corresponding to nonpartitions. 



We have now that (j)^ has leading term involving so we can choose 
Oi = —1 and a2 = —1, or ai = —2 and 02 = 0. The former corresponds to line 
four of Table [2] while the latter corresponds to lines five and six of that table. 

The first column of Table [2] indicates the type of array M used to produce 
the (p'l If a line contains exactly one nonconstant entry then that entry is 
a certain function of mki for some k, say fkijnki) and this line corresponds to a 
summand of the coefficient of where is as given in Lemma 14.191 The 
sum 1+X]^i '^rt^ corresponding to these values of is evaluated using Lemmas 
14.191 and Lemma |4?2] and recorded in the last entry for this line. There are lines 
in which all the entries are constant and we produce the generating functions 
by Corollarv 14.201 in these cases. Each generating function has been multiplied 
by for the positive integer b such that the (mij)'s in question correspond to 
partitions of r — 6. 

Adding all the generating functions together for those M ^ Mpartir) gives 
0. So the generating function for the coefficient of q^^ is just what is produced 
by the M g Mpart{r) which is f^. In the expansion of this, the coefficient of f 
is —1 for all r > 1. Hence for all r, the coefficient of q^^ is —1. This completes 
the proof that for all r e Z+, the lim„^oo CGL,r("-) = 1 ^ + 0{q~^). □ 

Theorem 11.11 for general linear groups now follows from Theorem 14.141 and 
Theorem 1121 

It is a basic assumption of Section |4] that r, the dimension of the invariant 
subspace, is greater than or equal to 1. However, we could have relaxed that 
assumption, allowed r to equal zero and worked through the section in the same 
manner. If we had allowed r to equal zero then Theorem 14 . 1 1 1 would state that 
CGh,r{t) = CQi,{t) when r = 0, since the only matrix in A^(0) is the matrix 
containing only zeroes. In the proof of Theorem 14.221 the generating function 
for the coefficient of in lim„_^oo CGL,r('^) is So for r = 0, the resulting 
answer for the limit of CGL,o(f^) would be 1 — q^^ + 0((7^''), since the coefficient 
of t'^ in (which gives the coefficient of q^^ when r = 0) is 0. 
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These are exactly the answers that should arise, because when r = the 
invariant subspace has dimension and hence our matrix group GL(y)u is 
equal to GL{V). By Theorem 13.41 the limiting proportion of cyclic matrices in 
GL{V) is indeed 1 - q-^ + 0{q-^). 



4.3 Inside the Matrix Algebras 

We move to looking for cyclic matrices inside the matrix algebra of all matrices 
which fix a subspace U of the vector space V . We now consider the subalgebra 
M(V){7, that is, we include matrices whose characteristic polynomial has zero 
constant term, into our calculations. 

Let Tyi^rin) be the set of all cyclic matrices in yi{V)ij where n, the dimension 
of the vector space V , will vary and r, the dimension of the subspace t/, will 
remain fixed. Then by Lemma l2. 91 there is a one-to-one correspondence between 
the set of orbits of Gh{V)u in its action on rM,r('^) by conjugation and the set 
of pairs of monic polynomials (/, h) over where / is of degree r, h is of 
degree n and / divides h. We denote by Vf^h the orbit of TM{n) containing 
those matrices with minimal polynomial f on U and minimal polynomial h on 
V. Note that when h has nonzero constant term, this ^ is the same as the 
set T f^fi defined in Section HTT] Thus, by Equation we have 

, \GUV)u\ 
' Cent{h) ■ 

We digress briefly to deflne ujr{n) and prove a result about it. 

Definition 4.23. Let a;.r(n) ~ |m(v^)!^/ where V has dimension n and U has 
dimension r. 

Lemma 4.24. For some (n — r)- dimensional subspace W , 



'^^(")-W)d ^ iM(ywi W"' ^ 



Also 



lim LJr{7l) = 



l-2g-i + q-^ +Oiq-^), if r = I 

l-2q-'^ -q-^+3q-^ + 0{q-^i if r ^ 2 

1 - 2q-^ - q-^+2q-^ + 2q-^ + 0{q-^'), if r = 3 

l-2q-'^ -q-^+2q-^ + q-^ + 0{q-^), if r > 4 



Proof. This is proved, for example, in [U Lemma 4.3.2]. □ 

Recall that V is the set of all monic polynomials over ¥q and that Vi is 
the subset of V that contains the constant polynomial 1 and those polynomials 
whose irreducible factors all have degree i. Also recall that a{h; r) denotes the 
number of distinct degree r factors of the polynomial h. 
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Now denote by cm^rin) the proportion of cyclic matrices in M(y)[/. Then it 
fohows that 




E 




mv)u\ 




a{h;r)\rf^h\\GL{V)u\ 
\M{V)u\\GLiV)u\ 



(29) 




a{h; r)ujr{n) 



Cent{h) 



We have that 



CM,r{n) 
LUr (n) 



E 



a{h] r) 
Cent{h) 



hev 

dcg(/i)=r! 



which we will calculate by a similar method to that used for calculating CGL,r('^) 
in Section \4A\ Let 



be the 'weighted' generating function for the proportion of cyclic matrices in 
M{V)u- Note that the coefficients of CM,r{t) are not the proportions we desire, 
as they are 'weighted' by ^^(n). Note also that the sum starts from n = r 
because r < dim(y). 

Recall that Equation [16] gave us a formal power series for each irreducible 
polynomial and that we collected all irreducible polynomials of degree i to form 



will call the new power series Because we want to include the irreducible 
polynomial t in our calculations now, we make the exponent equal to N{i,q) 
instead of N~^{i,q). Since N{i,q) = N+{i,q) for i > 2 it follows that $i = 
for i > 2. So we define 





We will slightly modify these 



by making just one small change and we 
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Now we give the first of several corollaries. The first follows immediately 
from Lemma I4.7i the only difference being that the summands now include 
polynomials with zero constant term. 

Corollary 4.25. As a power series, satisfies 



(1). <f. = E 



^ Cent{hi) ' 

A J- * ^ Cent{h) 
1=1 hev ^ ' 



Recall that in Section [3?T] we defined a{h;r) by 

r 

a{h;r)^ E Jiaih.ir,, M,) 

M£M(r) i=l 

where hi was the product of all the irreducible degree i factors of ft., we assigned 
Ti = i'}2,jjmij, Mi — Mi{M) is as in (|14l) and the overall term a{hi;ri, Mi) 
referred to the number of degree factors of hi that corresponded with the 
array AI. 

Similarly to Definition 14.81 we define ^i^M,a, for each i, by 

j-dcg{hi) 

^uM,a = <^>^,MAt) ■■= ^ Oi{ht; ^ , M.,) (30) 
/j.gp. Uent[ni) 

The next corollary, which follows immediately from Lemma 14.91 tells us how 
to obtain Cu.rit) using the ^i^M.a- 

Corollary 4.26. 

OO 

When given $i as input, the procedure PhiAlpha from Section lTll produces 
^i,M,a{t)- So we have the following theorem which is similar to Theorem 14. Ill 
The proof is the same as that of Theorem 14.111 with N{i,q) substituted for 
N+it,q). 

Theorem 4.27. Let 4>,Mt) - rn^{^^f) ^.^id^ ^.)--.. ■ Ther, 

r 

MeM(r) i=l 

Moreover, (jJi^Mit) = 1 for all M G A4{r) when i > r. 

Theorem l4 .271 gives us a direct formula for calculating the generating function 
CM,r(i) for any r. Now we want to know the limit of the coefficients as n tends 
to infinity. We first need to know the convergence properties of Cu.rit)- The 
following corollary follows immediately from Lemma 14.121 



44 



Corollary 4.28. Let M G M{r). Then for any i < r the power series expansion 



^ my!(l - g-* + t''q-^^)"''o 



is convergent for \t\ < q{q^ ~ 1)^^*. 

This again follows since the only difference between (j)i_M and is when 



1 where we have N{1, q) = iV"*" (1, q) + l. Similarly we have the next corollary. 



Corollary 4.29. The power series expansion ofJ^M^Mir) 111=1 4>i,M{t) is con- 
vergent for \t\ < q(q — 1). 

Now that the convergence properties are established we produce the first 
main result of the section - a theorem giving a formula for the limit of the 
coefficients of in CM.rit) as n tends to infinity. 

Theorem 4.30. For r e Z+ 

Moreover, |^^^ - lim„^oc, ^^^1 = 0(d"") /or any d such that 1 < d < 

Proof By [22], (1 - t)CM{t) is convergent for |i| < and by CoroUary 
Y.MeM(r) nl=i (1^1, M{t) is convergent for |t| < q{q - 1). Hence CmA'^) con- 
vergent for \t\ < q{q — 1). 

By Lemma |3.3[ (1 — t)CM,r{t) evaluated at t = 1 gives the limit of the 

coefficients of CM,r(Oi that is lim„_j.oo ( ^"'(ff ) • But 

r 

M£M(r) i=l 

by Theorem 14.271 and we know already that (1 — t)CM{t) evaluated at t = 1 is 
^j^_^l7)'(i_^-2-) by Theorem 13.71 Hence 

^ ,^ E ri^^3.(i). 

\ ' ^ ^ 'y ^ ' MeM(r) 1=1 

We showed above that (1 — i)CM,r(i) is convergent for |t| < q{q — 1), so the 
final assertion about the rate of convergence follows by Lemma 13.31 □ 

We now look at the power series expansion of 4'i^^[{l) for all i. This will 
help us obtain a power series expansion of lim„_j.oo CM,r(i)- 
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Lemma 4.31. Let M G A4{r) and set rrii = Then with the notation 

of Theorem \4-.27\ we have 



mf llmj llm^ 7mi 
"8 12~ ^ ~8 12" 



2m2-2X;ini2j / / ^2 



,-3- 



„3m3-3 5I]j™3j 

03,m(1) ^ V3n,^3.-, (l--3.'- + Q(-^'^))- 

Proof. Since 7V(i,q) = N+{i,q) for i > 2 it follows that 0j,m(1) = 0i^M(l) fo^' 
i > 2 so the expansions are as in Lemma 14.151 Thus we only need to consider 
i ~ 1 for this proof. 

From the definition of (j>i^M{t) in Theorem 14. 2 7i 

\ mi 771 1 J !(1 — g +q q — mi ' 



Firstly 

^ - = l + 777iq"^+777^g"2_^0(g"3). 



g — 7771 1 — '77ig 

Then from Lemma 14.151 we have that 



8 12 8 12 



g-' + 0{g-') 



Multiplying together these two parts and collecting terms gives us (f>i^M{l) equal 
to 
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□ 



Corollary 4.32. For M e Mpart{r) we have 



B 12 8 12 

^.M(l) ^ + + 

04,m(1) = ^;;^^(l-m4l9-^ + 0(9-^)), 



Proof. For M e A4part{r) we have = for all i and j > 2. Hence irrii — 
i'^jjrriij = 0. Thus the first term of (/'i.M(l) is a constant for all i and the 
remaining terms are as in Lemma 14.311 □ 

The next corollary follows immediately from Corollary 14.181 

Corollary 4.33. The leading term o/0i^j\/(l) is a constant for all i if and only 
if (m.y) e Mpart{r). 

Now we move onto the main theorem of the section which gives the limiting 
proportion of cyclic matrices in M{V)u- Theorem ll.ll for matrix algebras follows 
from Theorem 14.301 and this result Theorem 14.341 

Theorem 4.34. For r e Z+, lim CM,r(n-) = I - q^^ + 0{q^^). 

n—^oo 

Proof. By Theorem 11301 



I - q-^ 

lim CM,r(n) = lim uJr{n) x — — — — x TT <?^i>A-f (1)- (31) 

^ J HI MeM(r)i=l 

We calculate the expansions of each of the three parts above. From Lemma 
14.241 we have that lim„^oo ^^(n) = n[=i(l ~ Ili^ill ~ 9 *) ^-^id its expan- 
sion is given by 

limcfn)-/ 1-29-^ + 0(9-=^) 
^lima;,(nj-| 1 - 29-1 - q-^ + 0(g-3) if r > 2 

For the second part, a simple expansion gives 
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Calculating the expansion of the third part, X]MeA^(r) 111=1 '/'^■^(l)' 
quires more work. We will calculate the constant term in the expansion followed 
by the coefficient oi and then the coefficient oi . 

Constant Term: 

By Corollary 14.331 the leading term of (/'i,M(l) is a constant if and only 
if M G Alport From Corollary 14.321 we can see that this leading term is 
i"'iim i! ^ M.partij) SO the constant term in lim„_>oo CGL,r('T-) is 

n 

By Corollary 14.201 this equals 1 for all r. Hence f is the constant term for all r. 
Coefficient of 

For the coefficient of we first sum oyer all M G A4part{r) and then look 
at those M ^ Mpart{r) that also contribute to the term. 

Let M — {niij) € Mpart{r)- By Corollary 14.321 there are exactly two ways 
to produce a term. The first is to multiply the q^^ term in (/)i,m(^) '^ith 
the constant term from each of the remaining (pi^Mi^)- The second way is to 
multiply the q^^ term in 02,Af (1) with the constant term in each of the remaining 

The first way produces + ^^^^ Hi i^am-i! coefBcient of q~^. 

Summing this over all M £ Alport (^)j giyes the generating function for the 
contribution to the coefficient of q~^ as 



2 \ ^ m! } l~t 2\'^ ml I l-t 

by Lemma l4.191 using fi{m) — in the first case and /i(m) — m in the second 
case. From the result in Lemma 14.21 the generating function for the coefficient 
of q^^ arising in this way is 

1/9 , t 3 A e-* \ 1 

The second way an M e Mpart{f) can produce a q~^ term, produces 
— ™2i Hi i'"iim i! coefficient of Summing this over all M e AApartif), 

gives the generating function for the contribution to the coefficient of q~^ as 



^ 2'"m! ] \ -t 

m>0 
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by Lemma 14.191 using /2(to) = — m. By Lemma 14.21 with b — 1 and k = 2, 
it can be shown that J2m>o W^nJ. ~ T^^' generating function for the 

coefhcient of arising in this way is 

-e 



2 J l-t \ 2 J \-t 

Summing together these two functions gives us the generating function for 
the coefBcient of q^^ due to M G Mpart{r). This is . 

Now we need to look at those M = {mij) ^ Mpart{r) that also contribute to 
the term. For M to contribute to the q~^ term there must exist an i such 
that the leading term of </!'i,M(l) is not a constant and this leading term is 
Thus * X] j ™u ^ * i™u = Rewriting the equation we see that we need 
X^.(l —j)niij — Since the left hand side is an integer, this equality can only 
hold for i — 1. Thus we need (pi^Aii^) for i > 2 to have constant leading term 
and = ^1- By Lemma l4. 1 71 (since (/)i,M(l) — 't'tAii^) ^'^'^ * > 2) the 

first condition implies that niij = for i > 2 and j > 2. The second condition 
implies that mi2 = 1 and mij = for j > 3. Hence if {rriij) ^ Alport (^) and 
contributes to the q^^ term then 

{rriii = anything (i > 1) 
m!-^0(j>3) (^2) 
m,j=0(z>2,j>2). 

Note that there are no such {mij) when r = 1. If we take such an (jriij) G M.{r) 
and form a new M' = (m-^) with m-^ = mij for all (i, j) 7^ (1, 2) and m'12 = 
then Af ' G M-partir — 2). So we will think of each (rriij) as in (|32|) as a partition 
of 7' — 2 with mi2 = 1 appended to it. 

We can see from Lemma 14.311 that for each M = {rriij ) as in ([5^ , for 
i > 2, (pi^Mi^) has constant term ^„i.^"'^^| and for i = 1 the coefficient of q^^ 
is r. Hence each of these (to,-,) produces TT ^^^-7^ — r as the coefficient of 

mil! V V/ ^ ILi i^zlrnul 

q^^ ■ Summing this over all M (f. Mpartif) that contribute to the q^^ term is 
then the same as summing over all M' G M-partir — 2). By Lemma [4.191 the 
generating function for the sum of ^„i./^^| over all partitions of r is ^-37. 

The generating function for the sum of i^ii^. 1 over all partitions of r — 2 

,2 

has no terms of degree less than 2 and so is j—^ ■ Hence the generating function 
for the coefficient of q~^ due to M Mpart{r) is 

Adding the generating functions for the coefficient of q^^ due to M G 
Mpartijr) and M ^ Mpartijr) gives us = t + + + . . .. Hence for all 
r > 1 the term in the expansion is 1. 

Coefficient of q"^ 

We take the same approach in calculating the coefficient of We first 

sum over all M G M-partir)- Let Af G Mpartif)- From the expansion of the 
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4>1.,m{1) 02,m(1) 4>3.,m{1) (/)4,m(1) 



Generating Function 



1 
1 
1 
1 

-"4^1-' 

3mii „-l 
2 y 
7rraii „-2 
12 y 
llm|j_ 2 
8 y 

_ llm|i 2 

12 y 



1 
1 

3m2i -2 

2 y 

1^9 

-TO2ig"^ 

-TO2l9"^ 
1 
1 
1 
1 



1 

1 
1 
1 

1 
1 
1 
1 
1 



-m4iq 
1 
1 
1 
1 

1 
1 
1 
1 
1 




Total 



Table 3: Producing the generating function for the coefficient oi q ^ in the 
expansion of J^m Hi "^i,*/ (1) due to M G Mpart{r). 



4>i,M{i) hi Corollary 14.321 we can see that there are several ways to form a q^^ 
term. Each of these ways corresponds to a line of Table [3l For each line in 
Table [21 the contribution from (j)i^M from j > 5 is 1. If a line contains exactly 
one non-1 entry then that entry is a certain function of mki for some fc, say 
/fc(™fci) and this line corresponds to a summand of the coefficient of 
where Ur is as given in Lemma 14.191 The sum 1 + X)^i ^rt^ corresponding to 
these values of is evaluated using Lemmas 14.191 and Lemma 14.21 and recorded 
in the last entry for this line. There are two further lines that contain two non-1 
entries. These are certain functions fki^ki) with k = \ and fe{mii) with £ = 2 
and correspond to a summand Ur of the coefficient of q~^, where is as given 
in Lemma 14.211 The sum 1 -I- X]^i ^rt^ corresponding to these values of is 
evaluated using Lemmas 14.211 and Lemma 14.21 and recorded in the last entry for 
this line. 

The sum of all the generating functions is the generating function for the coef- 
ficient of due to M G Mpartir)- It is f^. 

We now need to look at the M ^ Mpartir) that can produce a q'"^ term. 
For any M Mpart{r) the leading term of the same as ipfj^j{l) for all 

i, so by the same reasoning as in the proof of Theorem 14.221 there are only four 
types of M ^ Mpartir) that can produce a term. They are given below. 



mn = anything (z > 0) 
TO22 = 1 

m2j = ij > 3) 
m„=0(i^2,j>2) 



(^v)={ Zl] = lij>3) 
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K.)= TZnf.^. .^ (34) 



(35) 



and 



mil 


= anvthing (i > 0) 


77113 






= (j 4 1 3) 


7777 7 


= (i > 2, 7 > 2) 


mn 


~ anything {i > 0) 


mi2 


= 2 


mij 


= (j > 3) 


rriij 


= (i>2,j>2) 




= anything {i > 0) 


"^l2 


= 1 




= (j > 3) 




= (i>2,j>2). 



= 1" - ; . (36) 



Note that there are no such (m^) for r < 4. If we take such an {niij) G Ai{r) 
and form a new M' = {m'^j) with m,^^ = for all (z, j) 7^ (2, 2) and TO22 = 
then M' e Alport — 4). Thus we think of each {rriij) as in ([33)1 as a partition 
of r — 4 with 77122 = 1 appended to it. 

For (mij) as in p3|) . we have m2 — m2i + 1 and rm = mn for i 7^ 2. By 
Lemma [4. 151 we produce (/ii.A/Cl) as follows. 

01,M(l) = ^(l + O(g-l)) 

mil! 



and for i > 3 



M^) = -;;rT:—M + 0{q-')). 



z™'imii! 

The 'i' inside the 02,m(1) occurs because 2"^ = 2'"2i2i. 

There is only one way to make up a term and the first line in Table |4] 
corresponds to forming a q^'^ term in this way. 

Note that there are no such {rriij) as in (p4|) for r < 3. If we take such an 
{rriij) G M{r) and form a new M' = {m'ij) with m^^ = m.y for all («, j) 7^ (1, 3) 
and m']^3 = then M' g A^partl^" — 3). So we think of each {rriij) as in as 
a partition of r — 3 with TO13 = 1 appended to it. 

Also note that there are no such {rriij) as in ([55]) for r < 4. If we take such an 
{rriij) € A^(r) and form a new Af — {m'^j) with m^^ = for all («, j) 7^ (1, 2) 
and m'i2 = then M' e Alport ~ 4). So we think of each {rriij) as in ([55]) as 
a partition of r — 4 with TO12 — 2 appended to it. 

For {rriij) as in (|34p . we have mi = mn + 1 and m^ = m^i for i 7^ 1, and by 
Lemma [4.15l we produce (/)i,M(l) as follows. 
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and for i > 2 



0i,M(l) = ^(l + O(g-i)) 
mil! 



</'.,M(l)-.;;r^(l + 0(g-i)). 

l™>lTOil! 



There is only one way to make up a term and the second Une in Table |4] 
corresponds to forming a q"^ term in this way. 

For (jriij) as in psp. we have mi = mn + 2 and m^ = m^i for i =/= 1, and by 
Lemma r4.15l we produce 0i,M(l) as follows. 



</'i,M(l) = ^-^(l + 0(g-i)) 
mii!2! 



and for i > 2 



There is again only one way to make a term here and the third line in Table 
|4] corresponds to forming a term in this way. Note that Y[j niijl — mij!2!, 
so we can take the half out as a factor. 

Note that there are no such (m^) for r < 2. If we take such an (my) e A^(r) 
and form a new M' = {m[j) with m[j = rriij for all ^ (1,2) and m'lj = 
then M' G M-partij" — 2). So we think of each (m^j) as in ([36]) as a partition of 
r — 2 with mi2 = 1 appended to it. 

For {rriij) as in (|36p . we have mi = mn + 1 and m^ = m^i for i ^ \, and by 
Lemma [4. 151 we produce (t>i,M{y) as follows. 

= 2=;^^ <' - +0(9-')) 



and for i > 3 



<^^m(1) = — — ^(l + 0(,-i)) 



^"'•imii! 

We have that 0i,m(1) has leading term involving so we can choose the 
q~^ term from both (/)i,m(1) and </'2,m(1) or the term from (/)i_m(1) and the 
constant term from (/)2,m(1)- Clearly we must choose the constant term from 
each of (t>i,M{^) for i > 3. The former choice corresponds to line four of Table |4] 
while the latter choice corresponds to lines five, six and seven of the table. 

The first column of Table|l]indicates the type of array M used to produce the 
0i,M(l)- If a line contains exactly one non-1 entry then that entry is a certain 
function of m^i for some k, say fk{mki) and this line corresponds to a summand 
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M as in 



Generating Function 




Table 4: Producing the generating function for the coefficient oi q ^ in the 
expansion of J2m Yii 4'i,Mi^) due to M 6 M.{r) corresponding to nonpartitions. 



a,- of the coefficient of q^^ as given in Lemma I4.f 91 The sum 1 + X^^i '^rt^ 
corresponding to these values of Or is evaluated using Lemmas 14. 191 and Lemma 
14.21 and recorded in the last entry for this line. There are lines in which all the 
entries are constant and we produce the generating function by Corollarv l4.20l in 
these cases. Each generating function has been multiplied by for the positive 
integer b such that the arrays (jUij ) in question correspond to partitions of r — &. 

Adding all the generating functions together for those types of M ^ -Mpartir) 
gives ^jz^- So the generating function for the coefficient of q^^ is j--^ = 
t'^ + + .... Hence 



\" TT^ . , r 1 + g-i + 0(g-^) ifr = l 

2^ ll<^a/UJ-<^ l + g-i+9-2 + 0(g-3) ifr>2 

MeMir)i=l I, -1 J v-i / - 

Now that we have the expansions for all three parts we can multiply them 
together as in Equation [31] 
When r = 1 we have 

lim ujr{n) = 1 - 2q-^ + 0{q-^), 

n— >-oo 

1 - q-"^ 



(l-<Z-i)(l-g-2) 



= l + q-^ + 2q-^ + Oiq-^) 



E Yl'I^^MW = i + q-' + oiq-' 

MeMir) i=l 

and hence 

lim CM,r("-) = 1 - + 0{q^^). 
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When r > 2 we have 

lim^UJr{n) = 1 - 2q-^ - q-^ + 0{q-^), 

l + q-' + 2q-^ + 0iq-^), 
1 + q-^ + q-^ + Oiq-^) 



hm CM.r{n) = 1 - g ^ + 0(g 

n— ^oo 

So for all r > 1 we have the result. □ 

It was again a basic assumption of the section that r, the dimension of the 
invariant subspace, was greater than or equal to 1. However, we could have 
relaxed that assumption, allowed r to be zero and worked through the section 
in the same manner. 

If we had allowed r to equal zero then Theorem 14.271 would state that 
CM,r{t) = CM{t) when r — 0, since the only matrix in A^(0) is the matrix 
containing only zeroes. Also, in the proof of Theorem 14.341 the answer for the 
limit of CM,o{n) would be 1 — q~^ + 0{q~'^). 

These are exactly the answers that should arise, because when r = the 
invariant subspace has dimension and hence the matrix group GL{V)(j is 
equal to GL(y). By Theorem 13.71 the limiting proportion of cyclic matrices in 
GUV) is indeed 1 - q'^ + 0{q-'^). 



(l-q-l)(l-g-2) = 
r 

E n'^^.M(i)= 

MeM(r) i=l 

and hence 



4.4 Explicit Generating Functions For Small r 

By Theorem l4. 1 1 l and Theorem l4 . 2 71 we can give the generating functions CGL,r{t) 
and CM,r{t), for any r, in terms of Wall's generating functions CglC^) and Cuit) 
respectively, and functions produced by certain procedures. Using Theorem 
14.141 and Theorem 14.301 we obtain algorithmically the exact limiting proportion 
of cyclic matrices in GL{V)u and M{V)u respectively, for any r. For small 
r it is possible to calculate explicitly the generating functions as well as their 
associated limiting proportions. 

For r = 1 , we derive from Theorem 14.111 that 



This result was obtained by Jason Fulman [7j Theorem 14] as was the result 
below determining lim„_>oo cgl,i('^) [3 Corollary 2]. However Fulman derived 
them in the context of proportions inside a maximal parabolic subgroup of the 
larger general linear group GL(n + l,q). 
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For matrix algebras with r = 1 we find 

tq-' 



Cm,i(0 = CM{t)xqx 



1 - q-^ +tq-^ 

= Cuit) X 

I — q ^ +tq ^ 

By Lemma [3.31 multiplying the generating functions by (1— and evaluating 
at t = 1 will give us the limit of the coefficients. By recalling that (1 — i)CGL(i) 
evaluated at t = 1 is x+f^' '^^^ that lim„_^oo cgl,i('t-) equals 



1 - g-s / 1 _ ^- 



q ^ \ \ — q ^+(7 ^ 



= \-q-'- - 2q--' + q-^ + Sq-" + 0{q-'). 



Then, recalling that (1 — t)CM{t) evaluated at t = 1 is (i-q-i)(i-q-i) ^^id 

that lim„_^oo = (1 - 9""^) 11^^1(1 ~ 9^') '^e ^nd that lim„^oc. CMa(?^) 

equals 



1 - q-' 1 



X (1-9-^) 11(1 -9"^) 



= 1- _ 2(7-3 _q-4_^2g-f5 + 0(q-^). 

When r = 2, we find that A1(2) has three elements. They are 

2 0\ /Ol\ f 

j ' 1^ ) ^"""^ [ 1 

which correspond to two distinct monic degree 1 irreducibles of multiplicity 
1, one monic degree 1 irreducible of multiplicity 2, and one monic degree 2 
irreducible of multiplicity 1, respectively. 

For each element M in A4{2) we calculate Yii 'Ptni^) ^'^'^ then sum over M 
and multiply by CQi,{t) to give CGL,2(i)- Similarly for each element M of A^(2) 
we calculate Y\j_4'i,M{'^) then sum over M and multiply by Cyiit) to give 
CM.2{i)- This yields that CGL,2(i) is equal to 



C^GL(i) 



t2(l~g-i)(l-2g-l) t'iq'^-q-^) - 9"') 



2(l-g-l+ig-2)2 l_g-l+ig-2 2(1 -9-2+t2g-4) 

and CM,2(i) equal to 



2(1 -9-1 +<g-2)2 l-9-l+f9-2 2(1 -9-2+f2^-4) 

Applying Lemma 13.31 we find that the limiting proportions satisfy cgl,2(oo) 
equal to 
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1 + 9-3 V 2(1- 9-2)2 i_q-ij^q-2 2(1 - g-2 + ^-4) ^ 
= l-g-2-3g-3 + g-4 + 3g-5+4(j-6 + 0(g-7). 

and lini„_^oo ^^f^ is equal to 



(l-g-l)(l-g-2) V2(l g-2)2 l-9-l+g-2 2(1 - + g-4; 

= 1 + 2^-1 + 4g-2 + 3^-3 + 3?-* + + 2^-*^ + 0{q-'') 
giving 

lim CM,2(n) = 1 - - 4g-3 - g-4 + 4^-^ + bq'^ + ©(g^'^). 

n— >oo 

Remark 4.35. Equation \31^ and Equation VSl^] summarise the results of 
CGL,r(") and lim„_^oo CM,r(") respectively for r — 1,2. They include 
similar calculations performed in Mathematica U3f for other small values of r. 



= < 



l-q 
1-9 
1-9 
1-9 
1-9 
l-q-2 

1-9-2 



2 

-2 
-2 
-2 
2 



CGL,r(oo) = lim CGL.rin) 
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2q- 


-3 






h q- 


-5 


+ 3q- 


-6 


+ 9" 


-7 _ 


^0(9- 


-8-1 


for r 


= 1, 


3q- 


-3 _ 


^q' 


-4 _ 


^3q- 


-5 


+ 4(7" 


-6 


-29- 


-7 _ 


^0(9- 


-&\ 


for r 


= 2, 


3q- 


-3 _ 


^q' 


-4 _ 


^4(7" 


-5 


+ 4(7" 


-6 


-59- 


-7 _ 


^0(9- 


-&\ 


for r 


= 3, 


3q- 


-3 _ 


^q' 


-4 _ 


^4(7" 


-5 


+ 4(7" 


-6 


-69- 


-7 _ 


^0{q- 




for r 


= 4, 


3q- 


-3 _ 


^q' 


-4 _ 


h4q- 


-5 


+ 4(7" 


-6 


— 6q 


-7 _ 


^0{q 


-8\ 


for r 


= 5, 


3q- 


-3 _ 


^q' 


-4 _ 


h4q- 


-5 


+ 4(7" 


-6 


— 6(7" 


-7 _ 


^0{q 


-8\ 


for r 


= 6, 


3q- 


-3 _ 


^q' 


-4 _ 


h4(7" 


-5 


+ 4q" 


-6 


— 6(7" 


-7 _ 


^0{q- 


-8\ 


for r 


= 7. 
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CM,r(oo) — lim CM,r('^) 
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H 


- 2(7- 


-«H 
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-7 ^ 


^0{q- 




for r 


= 1, 


4<7- 


-3 


- q' 


-i _ 


1-4(7- 




- 5q- 


-^H 


- 4(7- 


-7 _ 


^0{q- 




for r 


= 2, 


4<7- 


-3 


-3q- 


-4 _ 


1-4(7- 


-^H 


^llq- 




- 8(7- 


-7 _ 


hO(9~ 




for r 


= 3, 


4<7- 


-3 


-3q- 


-4 _ 


1-2(7- 


-^H 


^Uq- 




- 14q- 


-7 ^ 


hO(g- 


-8) 


for r 


-4, 


4<7- 


-3 


-3q- 


-4 _ 


1-2(7- 


-^H 


h 9q- 




hl4g- 


-7 _ 


hO(9- 


-8) 


for r 


= 5, 


4<7- 


-3 


-3q- 


-4 _ 


|-2g- 


-^H 


h 9(7- 




hl2g- 


-7 _ 


hO(9- 




for r 


= 6, 


4<7- 


-3 


-3q- 


-4 _ 


|-2g- 


-^H 


h 9(7- 




hl2g- 


-7 _ 


hO(9- 




for r 


= 7. 



1-9 
1-9" 

(38) 

Our results in Equation [37] agree with Theorem 14.221 which states that 
CGL,r(") is I-9 2+0(g 3) for aU r. Similarly the results in Eauationl551 
agree with Theorem l4.34l which states that the limit of cu.rin) is l—q~^+0{q~^) 
for all r. 
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Although Theorein l4.22l and Theorein l4 .341 give the limiting proportion for all 
r this does not imply that lim„_>.oo CGL,r(''T-) or lim„^oo CM.rin) are independent 
of r. In the expansion of lim„_,.oo CGh,rin), the term is independent of r but 
the later terms do depend on r as Equation 1371 clearly shows. 

We believe that for large enough r the coefficient of will eventually 
become constant. In fact we believe that this is the case for all terms. Stated 
formally, we believe that for all d > there exists such that the coefficient of 
q~'^ in the expansion of lim„_j.oo cci^^rin) as a power series in is the same for 
all r > Td- By Theorem 14.221 this statement is true for d = 0, 1, 2 but remains 
to be proved for all terms in the expansion. 



4.5 A Family of Noncyclic Matrices 

By Theorem ll.il the proportion of cyclic matrices in GL(y)t/, as the dimension 
of V tends to infinity, approaches 1 — q^^ + 0{q^^). Hence there exists a set 
S{y)u of noncyclic matrices in Gh{y)u with proportion — q^^ + 

0{(i~^). We construct such a set in this section. 

We first choose a basis for U and extend it to be a basis for V . Let ui, . . . , 
be a basis for U and let ui, . . . ,itr,Mr+i, • • ■ ,Wn be a basis for V. Let Uo = 
{u2, . . • , Ur) and let Vb — (wi, . . . , w„-i). For a fixed A G Fg let 



Tx = { Te GL{V)i 



{t-Xf\cTit), 

3wi e Ml + [/q such that wiT — Xwi and ^ . (39) 
3w2 G Mn + Vq such that W2T = XW2 



Each of the matrices in 7a is noncyclic since the (< — A)-primary component is 
the direct sum of two cyclic summands. We prove some lemmas which will aid us 
in proving the upcoming theorem which ultimately exhibits the set of noncyclic 
matrices in GL{V)u with proportion q^^ + 0{q^^) that we are looking for. 

Lemma 4.36. For A G F*, 

\Tx\ — ^ — 



Proof. We count the number of triples {wi,'W2,T), where T is a matrix in 7a , and 
wi and W2 are A-eigenvectors for T satisfying the criteria for 7a in Equation (jSH). 
Since wi e ui + Uq C U and W2 ^ U, the A-eigenspace of T is = {wi,W2), 
WnU ^ (wi) and Wn{ui + Uo) = {wi}. 

Suppose T £ Tx and let W be the A-eigenspace of T. Then W — {wi,W2) 
for some A-eigenvectors Wi G Ui + Uq and W2 G u„ -f Vq- As explained in the 
previous paragraph, wi is determined uniquely by T. 

Now let w'2 be an alternative choice for the second basis vector, that is, 
suppose that = Xw'2 with w'2 (z Un + Vb and w'2 ^ W2- Then ^ 102 — W2 G 
M^nVb, and as W2 £ W\Vq and dim(M^) = 2, it follows that WC\Vo = (w2-ti'2)- 
However, w\ G W r\U C VKnVb. Hence W2 ~ w'2 — aw\ for some a G F^. 
Moreover for each a G F„, ujo = aw\ + W2 lies both in W and in m„ -I- Vq. Hence 
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there are q choices for the second basis vector for W corresponding to the q 
choices for a. 

We will continue the count of triples (wi, W2,T) but take this little break to 
note that |7a| is equal to the number of triples {wi,W2,T) divided by q because 
each T has q possibilities for the pair {wi,W2)- 

First we choose vectors wi £ ui + Vq and W2 G m„ + Vq. Note that 
iwi, U2, . . . , M„-i, W2 is also a basis for V. For each T occurring in a triple 
(wi,W2,T) with these chosen vectors, the matrix representing T with respect 
to the basis wi, U2, . . . , Wn-i, W2 must be of the form 











A 



V 



\ 








B 







OA/ 



where * represents any value from the field and A and B are (r — 1) x (r — 1) 
and {n — r — 1) x (n — r — 1) invertible matrices respectively, neither of which 
has t nor i — A as a factor of their characteristic polynomial. 

It is not difficuh to show that there are N{r) > g^'^^i)' - 0(g(''~i)'~i) 



choices for the matrix A and N{n — r) > q 



0{q^' 



-If 



choices 



for the matrix B (a detailed proof is given in [U Lemma 2.1.5]). Then there 
are n — 2 + r{n — r — 1) entries * and there are choices for these 

* entries. Hence there are N{r)N{n - r)q"-2+r(n--r-i) > ^„2+r-=-„r-n-r ^ 
0{q"' '^^ -nr-n-r-i^ such matriccs T for a given wi and W2- 

Then to finish our count of the number of triples (wi ,'W2,T) we need to 
multiply by the number of such wi and W2 which is q^^^ and q"^^ respectively. 
Hence the number of triples {101,102, T) is -"^^^ + 0((7""+'' -''"-3-) ^^^^^ 



dividing by q gives | 7a 



0{q 



.n +r 



□ 



Lemma 4.37. For A,7 £ F* with A 7^ 7, 

Proof. Let T e 7a H 7^ for A ^ 7. Since T ^ T\ there exists Wi S Ui + Uq 
such that wiT — \wi and there exists W2 £ m,i + Vb such that W22^ = Au;2. 
Similarly since T £ 7^ there exists xi £ ui + ?7o such that xiT — jxi and 
there exists X2 £ u„ + Vq such that X2T — ^X2- Since {wi,W2), {xi,X2) lie in 
distinct eigenspaces for T, {'Wi,W2) H {xi,X2) = so {wi,W2,Xi,X2} is linearly 
independent. 

Taking a similar approach to that of Lemma 14.361 we count the number of 
tuples of the form {wi,W2,Xi,X2,T) and relate that back to the size of |7a n7^|. 
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From the proof of Lemma 14.361 we know that for a given T E T\ H T-,, wi 
is uniquely determined and there are q choices for 'W2- Similarly, xi is uniquely 
determined and there are q choices for X2. So |7a n 7^| equals the number of 
tuples {wi,W2,xi,X2,T) divided by q^. 

There are g"""^ choices for wi S ui + Uq. For a given wi, since xi d ui + Uq = 
wi + Uq, there are q^^^ — 1 choices for xi and the action of T on {wi,xi) is 
determined uniquely. In particular, uq = xi — wi £ U and uqT = jxi — 
Xwi = juq + (7 — A)u;i. Similarly there are q"^^ choices for W2 £ w„ + Vb, 
and for a given W2, there are q"^^ — 1 choices for X2 and the action of T on 
(wi, W2, a;i, 0:2) is uniquely determined. In particular, vq = X2 — W2 G Vo and 
vqT = 7x2 — Xw2 = jvo + (7 - X)W2- 

Suppose (wi, xi, W2, X2) are as above and T occurs with them in a tuple. 
Since wi,uq,vo,V2 are linearly independent we can extend them to a basis 
wi,uo,y3, . . . ,yn-2,vo,W2 for V such that wi, uq, J/s, • ■ • , 2/r is a basis for U. 
With respect to this basis T must be of the form 



A 


... 


... 












7-A 


7 


... 














* 


















A 












* 


* 














* 


















* 


B 






























... 





7 


7-A 










... 








A 



where * represents any value from the field and A and B are (r — 2) x (r — 2) 
and (n — r — 2) x (n — r — 2) invertible matrices respectively. We this time allow 
A and B to have t — \ and t — 7 as factors for simplicity despite it being an over 
count. 

There are less than g*^*""^) such matrices A^ there are less than 
such matrices B and there are g2n-8+r(n-r-2) possible values for the * entries. 
When we multiply these together along with the q^^'^iq^^^ — \)q^^^{q'^^^ — 1) 
choices for (wi ,W2,xi,X2), we get the number of tuples [wi ,W2,xi,X2,T) to be 
less than g" -"''-''^ Hence, after dividing by g^, we get 

□ 

We now state and prove Theorem 14.381 which exhibits a family of noncyclic 
matrices in G1j{V)u with proportion + 0{q^^). 

Theorem 4.38. The union ofTx for A G F* forms a set of noncyclic matrices 
in GL{V)u with limiting proportion q^^ + 0{q^^) as n tends to infinity. 
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Proof. We cannot simply take the sum of |7a| over all A to obtain | U 7aI since 
some matrices belong to more than one 7a but we can subtract off the number 
of those matrices which belong to two or more 7a to give 

I Uaef. TaI > (g - l)|rA| - ('^ 2 '"^^ ^ 
by the Principle of Inclusion and Exclusion. By Lemma 14.361 and Lemma I4.37[ 

I UagF* TaI > q"'+'-'--'^-2 + 0(q"'+-'-«-3). 

We then simply divide this by \GL{V)u\ = + o(qn^+r"-"r-i-) 

give 

Uagf* 7a| 9 . 

--q-' + Oiq~'). 



\GHV)v 

□ 
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